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1 Introduction Sonja M. Farr

1 Introduction
The objective of studying the representation theory of various algebraic structures most notably
includes the possibility to recover information about the structure itself by examining its actions
on better understood objects like modules or vector spaces. This gives rise to the notion of a
representation, which is defined as a concrete realisation of an algebraic structure in form of a
collection of operators on some space. Now the natural question arises as to what extend these
representations determine the structure they represent, and in many cases the answer is that in-
deed all the information of the algebraic structure is encoded by its representation theory.

One of the easiest instances of this phenomenon is given by Pontryagin duality, which recovers
an abelian locally compact topological group from the its group of characters. In 1938, Tadao
Tannaka proved a similar theorem for compact but not necessarily abelian groups in his article
"Über den Dualitätssatz der nichtkommutativen topologischen Gruppen" [Tan39], stating that
a compact topological group can be recovered from its category of unitary representations. His
proof was based on the forgetful functor sending an unitary representation to its underlying vector
space, which is an additional structure of all representation categories. This theorem of Tannaka
is the first of a whole class of results known as the Tannaka reconstruction theorems. These are
generalizations of the original theorem to different algebraic structures, all stating that a monoid
object A in a suitable category C can be recovered from the forgetful functor

F : AModÑ C

over the module category of A.

In the first part of this bachelor thesis I will give an exposition of the respective theorem in the
category of affine schemes over some field k. This particular Tannaka duality theorem recovering
an affine group scheme from its category of finite dimensional representations was first studied
by N. Saavedra Rivano in [SR72] and later proved by P. Deligne in [Del90]. In the later article,
Deligne also proved a more general version of this reconstruction theorem in particular applying
to affine super group schemes, which are the Z2-graded version of affine group schemes. In a later
work, Deligne then went on to give a criterion classifying all categories that arise this way as the
representation theory of some affine super group scheme [Del02]. A presentation of Deligne’s proof
of this result will occupy the second part of this thesis.

My motivation for investigating these two theorems stems from their significance in quantum field
theory. In particular, I have been made aware of the possible application of Deligne’s classification
of representation categories of supergroups to the theory of supersymmetry in particle physics.
By Wigner’s conjecture stating that particle species of a quantum field theory correspond to the
irreducible representations of its geometric symmetry group, one may use Tannaka-style recon-
struction theorems to draw conclusions regarding these geometric symmetries from the knowledge
of the particle species of the theory. One can then attempt to show that every sensible collection
of particle species is precisely of the form required by Deligne’s classification theorem, implying
that supergroups form the most general symmetry structure of physical quantum field theories,
and thus providing an intrinsic mathematical motivation for a supersymmetric extension of the
standard model. This quest has been carried out in the third part of this article.

Notation. Unless stated otherwise, I will assume that algebras over some field or ring usually
denoted by k are commutative and unital, and all mophisms of algebras are assumed to be unital.
I will call structure preserving maps in a given category simply "morphism" instead of the often
more conventional "homomorphism". Categories are denoted in bold font except for chapter 5,
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1 Introduction Sonja M. Farr

where tensor categories are denoted by calligraphic letters. The hom-sets of a category C are
denoted by HomCp´,´q. In particular, I will use the following categories

Symbol Objects Morphisms
Set Sets Functions
Vectk Fin. dim. vector spaces over k Linear maps
Sch Schemes Homomorphisms of locally ringed spaces
Algk Algebras over k Algebra homomorphisms
RMod (Left) modules over R Module homomorphisms
ComodC (Right) comodules over C Comodule homomorphisms
Rep(G) Fin. dim. lin. representations of G G-equivariant linear maps
GSet G-sets G-equivariant functions
sVectk Fin. dim. super vector spaces over k Even linear maps
sAlgk Superalgebras over k Even algebra homomorphisms
Hilb Complex Hilbert spaces Bounded linear maps

RepHpGq Unitary representations of G Bounded G-equivariant linear maps
on complex Hilbert spaces

C‹AlgC Unital C*-algebras over k Unital ‹-homomorphisms
sHilb Complex super Hilbert spaces Even bounded linear maps

Equivalence of categories is denoted by "„", and (not necessarily natural) isomorphisms are de-
noted by "»".
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2 Categorical preliminaries
Before we begin with the actual content of this thesis, I will give a brief survey on the categor-
ical techniques used. In particular, since some of the definitions are inconsistent throughout the
literature, I will clarify the notions used in the following sections.

2.1 Background
I will assume that the reader is familiar with basic category theory, in particular with the concept
of limits and colimits as well as adjunctions. All of these category theoretical preliminaries can
be found in Mac Lane’s classical book [ML78]. I will further presume knowledge of commutative
algebra and the theory of affine schemes.

The aim of this bachelor thesis is to classify categories which arise as linear representation categories
of some kind of group. Therefore, the categories we will encounter are all designed to mimic
the category of (finite dimensional) vector spaces over some field. This category has two major
structures: its hom-spaces also have a vector space structure in a canonical way, and it is equipped
with a tensor product and duals. These two structures can be generalized to abstract categories,
yielding the notions of an abelian category and a monoidal category respectively.

2.2 Abelian categories
Definition 2.1. A category enriched over the category of abelian groups is called abelian if
• it has a zero object, i.e. an object which is initial and terminal,
• it has finite biproducts,
• every morphism has a kernel and a cokernel, and
• every monomorphisms is a kernel and every epimorphisms is a cokernel.

Let k be a field. An abelian category is said to be k-linear if all its hom-spaces are k-vector spaces,
and composition is k-bilinear.

I will frequently write "direct sum" instead of "biproduct", since this is the usual name in categories
related to the category of vector spaces over some field.

Definition 2.2. A functor F : AÑ B between abelian categories is called additive if all the maps
F : HomApX,Y q Ñ HomBpFX,FY q are morphisms of abelian groups. Analogously, a functor
between k-linear categories is called k-linear if these maps are linear maps.

In an abelian category we have the notion of an exact sequence. In particular, a short exact
sequence in an abelian category is a concatenation of morphisms

0 Ñ X
a
ÝÑ Y

b
ÝÑ Z Ñ 0

such that a is monic, b is epic and impaq “ kerpbq. In this case X is a subobject of Y , and we have
Z » Y {X1. A morphism of two exact sequences 0 Ñ X Ñ Y Ñ Z Ñ 0 and 0 Ñ X Ñ Y 1 Ñ Z Ñ 0
is a morphism Y Ñ Y 1 that restricts to the identity on X and induces the identity on Y . A short
exact sequence as above is called split if it is isomorphic to the exact sequence

0 Ñ X Ñ X ‘ Z Ñ Z Ñ 0

with the morphisms given by the inclusion and projection coming from the biproduct diagram.

Definition 2.3. A non-zero object X of an abelian category is called simple if 0 and X are its
only subobjects.

1If X is a subobject of Y , one denotes by Y {X the cokernel of the inclusion X Ñ Y as a subobject.
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This notion is well known from the representation theory of finite groups. There, a simple represen-
tation is usually called irreducible, and we have Schur’s lemma stating that a morphism between
irreducible representations is either zero or an isomorphism. A version of this lemma also exists in
the more general setting.

Lemma 2.4 (Schur’s lemma). If X and Y are two simple objects of an abelian category C, then
any non-zero morphism X Ñ Y is an isomorphism. In particular, if X is simple then HomCpX,Xq
is a division ring.

Proof. If f : X Ñ Y is a morphism, then the kernel of f is a subobject of X, and thus is all of X
or zero. In the first case we get f “ 0, and in the second case f is monic, so it implements X as
a subobject of Y . Simplicity of Y then yields X » Y and f is an isomorphism. The second claim
follows directly from the fact that addition and composition of endomorphisms make HomCpX,Xq
into a (non-commutative) ring, and simplicity entails that every morphism has an inverse under
composition.

Corollary 2.5. If C is abelian k-linear for an algebraically closed field k and every hom-space is
finite dimensional over k, then for every simple object X we get HomCpX,Xq “ k. In particular,
in this case all isomorphisms between simple objects are multiples of the identity.

Proof. This follows directly from the above proposition and the fact that the only finite dimensional
division algebra over an algebraically closed field k is k itself: If D is such a finite dimensional
division algebra and x P D, then the inverse closed subring of D generated by x and k is an
algebraic field extension over k, and hence equal to k.

In abelian categories, we also have a generalization of the dimension of a vector space, called the
length of an object.

Definition 2.6 (Finite length). A Jordan–Hölder series of length n of an object X in an abelian
category is a chain of inclusions as subobjects

0 “ X0 Ď X1 Ď ¨ ¨ ¨ Ď Xn “ X

such that Xi{Xi´1 is simple for all i “ 1, . . . , n. Given a Jordan–Hölder series, we say that X
contains Y with a multiplicity m if the number of values i for which Xi{Xi´1 » Y is equal to m.
An object is called of finite length if it admits a Jordan–Hölder series.

Jordan and Hölder showed that if an object admits a Jordan–Hölder series, then any such series
admits every simple object with the same multiplicity, and in particular any two such sequences are
of the same length. The length of an object is then defined as the length of one of its Jordan–Hölder
series.

2.3 Monoidal categories
Definition 2.7 (Monoidal category). A monoidal category is a quintuple pC,b, a, I, l, rq where C
is a category, b : CˆCÑ C is a bifunctor called the tensor product, a is a natural isomorphism
called the associativity constraint with components aX,Y,Z : pX b Y q b Z Ñ X b pY b Zq, I
is an object of C, and l and r are natural isomorphisms with components lX : I b X Ñ X and
rX : XbI Ñ X respectively, called the unit constraints such that the following diagrams commute
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2 Categorical preliminaries Sonja M. Farr

pW bXq b pY b Zq

ppW bXq b Y q b Z W b pX b pY b Zqq

pW b pX b Y qq b Z W b ppX b Y q b Zq

aW,X,YbZaWbX,Y,Z

aW,X,Y bidZ

aW,XbY,Z

idWbaX,Y,Z

pX b Iq b Y X b pI b Y q

X b Y

aX,I,Y

rXbidY idXblY

To form the 2-category of monoidal categories we also need a notion of a monoidal functor and
monoidal natural transformation. Monoidal functors should preserve the tensor product structure,
and thus the canonical definition is

Definition 2.8. A lax monoidal functor F : pC,bC, a
CIC, l

C, rCq Ñ pD,bD, a
D, ID, l

D, rDq
between monoidal categories is a functor F : C Ñ D together with a morphism u : ID Ñ F pICq
and a natural transformation µ with components µX,Y : F pXq bD F pY q Ñ F pX bC Y q such that
the following diagrams commute.

pF pXq bD F pY qq bD F pZq F pXq bD pF pY q bD F pZqq

F pX bC Y q bD F pZq F pXq bD F pY bC Zq

F ppX bC Y q bC Zq F pX bC pY bC Zqq

µX,Y bDidF pXq

aDF pXq,F pY q,F pZq

idF pXqbDµY,Z

µXbCY,Z µX,YbCZ

F paCX,Y,Zq

ID bD F pXq F pICq bD F pXq F pXq bD F pICq F pXq bD ID

F pXq F pIC bC Xq F pIC bC Xq F pXq

ubDidF pXq

lDF pXq µIC,X µX,IC rDF pXq

idF pXqbDu

F plCXq F prCXq

A lax monoidal functor is called strong if u and µ are both isomorphisms.

A monoidal natural transformation between monoidal functors pF, µF , uF q and pG,µG, uGq is a
natural transformation α : F Ñ G such that the following diagrams commute.

F pXq bD F pY q GpXq bD GpY q

F pX bC Y q GpX bC Y q

µFX,Y

αXbDαY

µGX,Y

αXbCY

ID

F pICq GpICq

uGuF

αIC
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A monoidal category is called strict if the natural isomorphisms a, l and r are all equal to the
identity natural transformations. By Mac Lane’s coherence theorem, every monoidal category is
strongly equivalent to a strict one, so one can usually suppress the associativity and unit constraints.

In many of the well known monoidal categories there is a way to "swap" two objects in a tensor
product. For example in the category of finite dimensional vector spaces we have the linear map
V bk W ÑW bk V , v b w ÞÑ w b v. The general notion of this is a braiding.

Definition 2.9. A braided monoidal category is a monoidal category equipped with a natural
isomorphism τ with components τX,Y : X bY Ñ Y bX making the following diagrams commute.

pX b Y q b Z X b pY b Zq pY b Zq bX

pY bXq b Z Y b pX b Zq Y b pZ bXq

aX,Y,Z

τX,Y bidZ

τX,YbZ

aY,Z,X

aY,X,Z idY bτX,Z

X b pY b Zq pX b Y q b Z Z b pX b Y q

X b pZ b Y q pX b Zq b Y pZ bXq b Y

a´1
X,Y,Z

idXbτY,Z

τXbY,Z

a´1
Z,X,Y

a´1
X,Y,Z

τX,ZbidY

A braided monoidal category is called symmetric if τ´1
X,Y “ τY,X for all objects X and Y .

Of course we want a functor between braided monoidal categories to respect the braiding structure.
In particular,

Definition 2.10. A braided monoidal functor between braided monoidal categories is a monoidal
functor pF, µ, uq making the following diagram commute

F pXq bD F pY q F pY q bD F pXq

F pX bC Y q F pY bC Xq

µX,Y

τDF pXq,F pY q

µY,X

F pτCX,Y q

A braided monoidal functor between symmetric monoidal categories is not required to satisfy
additional properties. Also, no extra conditions are required of braided monoidal or symmetric
monoidal natural transformations. In perspective of Mac Lane’s coherence theorem, I will usually
not explicitly write down the associativity or unit constraints of (symmetric, braided) monoidal
categories.

Now that we have defined the notion of a tensor product, we can define dual objects. Let X be an
object of some monoidal category C.

Definition 2.11 (Dual object). An object X_ of C is said to be a right dual of X if there exist
morphisms

ev : X_ bX Ñ I, coev : I Ñ X bX_

called the evaluation and coevaluation, such that the compositions

X
»
ÝÑ I bX

coevbidX
ÝÝÝÝÝÝÑ pX bX_q bX

»
ÝÑ X b pX_ bXq

idXbev
ÝÝÝÝÝÑ X b I

»
ÝÑ X, and (1)

X_
»
ÝÑ X_ b I

idX_bcoev
ÝÝÝÝÝÝÝÑ X_ b pX bX_q

»
ÝÑ pX_ bXq bX_

evbidX_
ÝÝÝÝÝÝÑ I bX_

»
ÝÑ X_ (2)
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are the identity morphism of X and X_ respectively. A left dual _X is an object of C together
with morphisms ev : X b _X Ñ I and coev : I Ñ _X bX satisfying the analogous condition.

Clearly, the unit object I is self-dual with evaluation and coevaluation given by the isomorphism
I b I » I. Also, in a bradied monoidal category, a right dual is always a left dual and the other
way around: If ev : X_ b X Ñ I and coev : I Ñ X b X_ make X_ a right dual of X, then
ev ˝ τX,X_ : X bX_ Ñ I and τ´1

X_,X ˝ coev : I Ñ X_bX make X_ a left dual of X. I will in this
case simply speak of "the dual" of X.

Lemma 2.12. If X is a dulaizable object of a monoidal category with zero object, then Xbn “ 0
for some n ě 0 implies that X “ 0.

Proof. I will suppress all associativity and unit isomorphisms. We may assume that n ě 2. Ten-
soring the composition

X » I bX
coevbidX
ÝÝÝÝÝÝÑ X bX_ bX

idXbev
ÝÝÝÝÝÑ X b I » X

with Xbpn´2q, we obtain idXbpn´1q at the one hand by the definition of a dual, and on the other
hand

Xbpn´1q » I bXbpn´1q
coevbid

Xbpn´1q

ÝÝÝÝÝÝÝÝÝÝÑ Xbn bX_
id
Xbpn´1qbev

ÝÝÝÝÝÝÝÝÝÑ Xbpn´1q b I » Xbpn´1q.

But since Xbn “ 0, this shows that the identity of Xbpn´1q factors trough zero, and must therefore
be the zero morphism. But then Xbpn´1q “ 0, and the result follows by induction.

If f : X Ñ Y is a morphism between dualizable objects X and Y , we have a dual morphism
f_ : Y _ Ñ X_ given by the composition

Y _ » Y _ b I
idY_bcoevX
ÝÝÝÝÝÝÝÝÑ Y _ bX bX_

idY_bfbidX_
ÝÝÝÝÝÝÝÝÝÝÑ Y _ b Y bX_

evY bidX_
ÝÝÝÝÝÝÝÑ I bX_ » X_.

Definition 2.13. A monoidal category is called rigid if every object has a left and right dual.

As dualizability is a property intrinsic to a monoidal category, it is preserved by monoidal functors.

Proposition 2.14. If pF, µ, uq : CÑ D is a strong monoidal functor and X is a (right) dualizable
object in C with right dual X_, then F pXq is (right) dualizable in D with (right) dual F pX_q.

Proof. The two morphisms

F pX_q bD F pXq
µX_,X
ÝÝÝÝÑ F pX_ bC Xq

F pevXq
ÝÝÝÝÝÑ F pICq

u´1

ÝÝÑ ID and

ID
u
ÝÑ F pICq

F pcoevXq
ÝÝÝÝÝÝÑ F pX bC X_q

µ´1
X,X_

ÝÝÝÝÑ F pXq bD F pX_q

provide an evaluation and coevaluation making F pX_q the dual of F pXq by functorality of F and
the duality of X_ and X.

The internal hom functor. In the category of sets we have the notion of currying : A function
from a set Z into the set of functions from X to Y is the same as a function from the set ZˆX to Y .
This works because the collection of morphisms between two sets is again a set. The generalization
of this concept is called internal hom.

Definition 2.15. Let C be a symmetric monoidal category. An internal hom of C is a functor
r´,´s : Cop

ˆCÑ C such that for every object X of C we have an adjunction

p´ bXq % rX,´s,

8
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i.e. there are isomorphisms

HomCpY bX,Zq » HomCpY, rX,Zsq

natural in Y and Z. If C admits such a functor, it is said to be closed.

Remark 2.16. In a closed monoidal category the tensor product preserves colimits in the first
variable, since all left adjoint functors preserve colimits. Dualy, the internal hom preserves limits
in the second variable, as all right adjoint functors do.
Since the internal hom should be an object of the category behaving like the collection of morphisms
between two objects, we expect to have an evaluation map. For objects X and Y of a closed
monoidal category C, the evaluation map

evalX,Y : rX,Y s bX Ñ Y

is defined as the adjoint of the identity idrX,Y s.

In the case of a rigid symmetric monoidal category, we can always construct an internal hom by

rX,Y s :“ Y bX_.

Lemma 2.17. The above defined functor Y ù Y bX_ is indeed an internal hom. Further, we
also get an adjunction

pX_ b´q % pX b´q

for each object X.

Proof. For the first part, it suffices to find a natural isomorphism with components

HomCpY bX,Zq » HomCpY,Z bX
_q.

Such an isomorphism is given by f ÞÑ pfbidX_q˝pidY bcoevq with inverse g ÞÑ pidZbevq˝pgbidXq.
That these are in fact inverse to each other follows directly from the identities (1) and (2). The
isomorphisms for the second adjunction can be constructed very similarly. Send a morphism
f : X_ b Y Ñ Z to the composition pidX b fq ˝ pcoevb idY q, and a morphism g : Y Ñ X b Z to
the composition pev b idZq ˝ pidX_ b gq. That these are inverse to each other follows again from
the duality identities.

Since pX_q_ “ X, we have chains of adjunctions

p´ bXq % p´ bX_q % p´ bXq, and
pX b´q % pX_ b´q % pX b´q.

Therefore, in the case of a rigid symmetric monoidal category, the tensor product preserves all
limits and colimits in both variables.

Trace and dimension. Let C be a symmetric monoidal category and X a dualizable object
with dual X_. By lemma 2.17 we have isomorphisms

HomCpY bX,Zq » HomCpY,Z bX
_q

for all objects Y and Z, and in particular taking Y “ I and Z “ X we get an isomorphism

HomCpX,Xq » HomCpI bX,Xq » HomCpI,X bX
_q.

By the proof of lemma 2.17, this isomorphism sends an endomorphism f : X Ñ X to the morphism
pf b idX_q ˝ coevX : I Ñ X bX_.

9
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Definition 2.18 (Trace and dimension). The trace of an endomorphism f : X Ñ X of a dualizable
object X is given by

trpfq “ pI coevX
ÝÝÝÝÑ X bX_

fbidX_
ÝÝÝÝÝÑ X bX_ » X_ bX

evX
ÝÝÑ Iq P EndCpIq.

The dimension of a dualizable object X is the trace of its identity morphism

dimpXq “ trpidXq “ pevX ˝ τX,X_ ˝ coevXq.

Proposition 2.14 implies that strong monoidal functors preserve traces and dimensions. The in-
teraction between tensor product and trace is described by the next proposition and can be found
in [PS14, cor. 5.10].

Proposition 2.19. If C is a symmetric monoidal category and X and Y are dualizable objects,
then for two endomorphisms f : X Ñ X and g : Y Ñ Y we have

trpf b gq “ trpfq ˝ trpgq.

Corollary 2.20. If X and Y are dualizable objects of a symmetric monoidal category, we have

dimpX b Y q “ trpidX b idY q “ trpidXq ˝ trpidY q “ dimpXq ˝ dimpY q.

2.4 Internalization
Categorical internalization is the process of transferring an algebraic structure that is typically
given by a set with some additional structure to an object of any category that possesses the
required operations.

The most simple instance of this process is the notion of a monoid object in a monoidal category.

Definition 2.21. Let C be a monoidal category. A monoid internal to C is an object M of
C together with morphisms m : M bM Ñ M and e : I Ñ M making the following diagrams
commute.

M bM bM M bM I bM M bM M b I

M bM M M

idMbm

mbidM m

ebidM

lM
m

idMbe

rM

m

Amorphism of two internal monoids pM,mM , eM q and pN,mN , eN q inC is a morphism f : M Ñ N
in C such that the two diagrams

M bM N bN I M

M N N

fbf

mM mN

eM

eN
f

f

commute.

For example, a monoid internal to the category of sets is a usual monoid, and a monoid internal
to the category of abelian groups is a (non-commutative) unital ring. A monoid internal to the
opposite categoryCop of some monoidal categoryC is called comonoid internal to C. In particular,
a comonoid internal toC is an object C inC together with morphisms ∆ : C Ñ CbC and ε : C Ñ I
making the diagrams

10
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C C b C C

C b C C b C b C I b C C b C C b I

∆

∆ idCb∆
l´1
C r´1

C

∆bidC
εbidC idCbε

commute. Given the additional structure of a braiding, we can define what it means for an internal
monoid or comonoid to be commutative.

Definition 2.22. Let C be a symmetric monoidal category. An internal monoid pM,m, eq of C
is called commutative if

M bM M bM

M

τM,M

m m

commutes.

A internal cocommutative comonoid is defined analogously. A good example is the category of
vector spaces, where an internal commutative monoid is just an algebra, and an internal commu-
tative comonoid is a cogebra. One can build different structures by iterating internal monoids and
comonoids; for example, a bialgebra is nothing but an internal commutative monoid in the cate-
gory of internal cocommutative comonoids in Vectk, and in fact a commutative monoid internal
to some category is just an internal monoid in the category of internal monoids of this category.
We have an induced monoidal structure in the category of commutative monoids (or cocommuta-
tive comonoids) internal to some symmetric monoidal category C: For two such monoid objects
pM,mM , eM q and pN,mN , eN q, pM bN,mM bmN , eM beN q is again an internal monoid, and the
tensor unit has a monoid and comonoid structure given by the isomorphism I » I b I.

Proposition 2.23. Lax monoidal functors send internal monoids to internal monoids.

Proof. Let pF, u, µq : pC,bCq Ñ pD,bDq be a lax monidal functor and pA,m, eq a monoid in
pC,bCq. Then

ID
u
ÝÑF pICq

F peq
ÝÝÝÑ F pAq and

F pAq bD F pAq
µA,A
ÝÝÝÑF pAbC Aq

F pmq
ÝÝÝÑ F pAq

are an unit and multiplication making F pAq a monoid in pD,bDq.

The next step is defining modules over these internal monoids and comonoids.

Definition 2.24. Let C be a monoidal category and pM,m, eq an internal monoid in C. An
internal module over M is an object X of C together with a morphism ρ : M bX Ñ X making
the diagrams

M bM bX M bX I bX M bX

M bX X X

idMbρ

mbidX ρ

ebidX

lX

ρ

ρ

commute. A morphism of internal M -modules pX, ρq and pY, σq is a morphism f : X Ñ Y such
that

M bX X

M b Y Y

ρ

idMbf f

σ

11
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commutes.

The difference between a group and a monoid is the existence of inverses. To define what it means
to be an inverse, one needs the structure of a diagonal map, i.e. a notion of "copying" an object,
and thus monoidal categories are no longer sufficient to define internal groups.

Definition 2.25. A cartesian category C is a monoidal category whose monoidal structure is given
by the categorical product and whose unit is a terminal object.

In a cartesian monoidal category, we have for every morphism I Ñ X a unique morphism X Ñ X
given by precomposition by the unique morphism from X to the terminal object, and for each
object X we have a diagonal morphism ∆X : X Ñ X bX induced by the identity morphism on
X and the universal property of the product. If f : I Ñ X is a morphism, I will also denote the
unique induced morphism X Ñ X by f . In this setting we can now define an internal group.

Definition 2.26. Let C be a cartesian category. A group internal to C is an object G of C
together with morphisms m : G b G Ñ G, e : I Ñ G and inv : G Ñ G such that pG,m, eq is a
monoid internal to the monoidal category C and

G GbG GbG

GbG

GbG G

∆G

∆G

e

idGbinv

m

invbidG

m

commutes.

A group object internal to the category of sets is again just a usual group, and a group internal to
the category of topological spaces yields the concept of a topological group. In the next section I
will work with group objects in the category of affine schemes as a cartesian category, and this will
give the notion of an affine group scheme. Note that in a cartesian category, the unique morphism
X Ñ I and the diagonal map ∆X make every object X into a commutative comonoid. Another
important structure is that of a Hopf monoid.

Definition 2.27. Let C be a symmetric monoidal category. A bimonoid internal to C is an object
of C equipped with a monoid and comonoid structure in a compatible way, i.e. the comultiplication
and the counit are morphisms of monoids or the multiplication and the unit are morphisms of
comonoids. A Hopf monoid internal to C is a bimonoid H together with a morphism s : H Ñ H
making the following diagram commutes.

H I H

H bH H bH

∆

ε e

sbidH

idHbs
m

Note that a Hopf monoid in the opposite category is the same as a Hopf monoid in the original
category. In a cartesian category, we can compare the notion of a Hopf monoid to that of a group
in two different ways: We can choose the multiplication of the group to correspond to either the
multiplication or the comultiplication of the Hopf monoid.

Lemma 2.28. The tensor product in the category of commutative monoids internal to some sym-
metric monoidal category is the same as the coproduct of this category.

12
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Proof. Let pM,mM , eM q and pN,mN , eN q be two internal commutative monoids. We have mor-
phisms

M »M b I
idMbeN
ÝÝÝÝÝÑM bN and

N » I bN
eMbid
ÝÝÝÝÑM bN

such that for every internal commutative monoid pX,m, eq and monoid morphisms f : M Ñ X,
g : N Ñ X, the morphism m ˝ f b g makes the following diagram commute.

M N

M bN

X

idM˝eN

f

eM˝idN

gm˝fbg

This follows directly from the right hand side diagram in the definition of monoid morphism
2.21. It remains to show that this is the unique monoid morphism with this property. Suppose
h : M bN Ñ X is another monoid morphism making the above diagram commute. The fact that
h is a morphism of internal monoids is expressed in the commutativity of

M bN bM bN M bM bN bN M bN

X bX X

hbh

» mMbmN

h

m

Now precomposing this diagram with idMbeNbeMbidN , the top arrow yields idMbN by the right
hand side diagram in the definition of internal monoid 2.21, and the vertical left arrow becomes
f b g by assumption. This shows h “ m ˝ f b g.

Proposition 2.29. (a) A cocommutative Hopf monoid in a cartesian category C is the same as
a group object in C.

(b) A commutative Hopf monoid in a symmetric monoidal category C is the same as a group
object in the opposite category of the category of commutative monoids in C.

Proof. "(a)" In a cartesian category, every object has a unique structure of a cocommutative
comonoid with comultiplication the diagonal map and counit induces by the universal property of
the terminal object, and every morphism is a morphism of comonoids. Therefore, a cocommutative
bimonoid in C is the same as a monoid object. For any endomorphism of such a cocommutative
bimonoid, the commutativity of the diagram in definition 2.27 is then equivalent to the com-
mutativity of the diagram of definition 2.26 with the antipode s corresponding to the inversion
morphism.
"(b)" By lemma 2.28, the tensor product in the category of commutative monoids in C is just
the coproduct of this category. Therefore, its opposite category is cartesian, and we can use part
(a) to state that a group object here is the same as a cocommutative Hopf monoid. But such a
cocommutative Hopf monoid is clearly equivalent to a commutative Hopf monoid in C.

A commutative Hopf monoid in the category of vector spaces recovers the usual notion of a Hopf
algebra. I will enlarge upon the theory of commutative algebra of internal objects in section 5.4.

13



2 Categorical preliminaries Sonja M. Farr

2.5 The ind-category
One often encounters the situation of working with a category of "finite" objects of some type,
but still needing knowledge of how larger objects behave. For example, the tensor algebra of a
finite dimensional vector space is no longer finite dimensional, since it is an infinite direct sum. In
this case, one possible solution is to freely adjoin the required objects to the category in question.
Denote by rCop,Sets the category of presheaves over a category C.

Proposition 2.30. Let C be a small category. The Yoneda embedding y : CÑ rCop,Sets exhibits
the presheaf category rCop,Sets as the free cocompletion of C. In particular, for any cocomplete
category D and functor F : C Ñ D there is a functor F̃ : rCop,Sets Ñ D unique up to unique
natural isomorphism such that F̃ preserves all colimits and F̃ ˝ y » F .

A proof of this statement can be found in [Dug98, prop. 2.2.4]. I will not be interested in all
colimits, but only filtered colimits, i.e. colimits of diagrams indexed by small filtered categories.

Definition 2.31. Let C be a small category. An ind-object of C is a filtered colimit of objects in
C, where the colimit is taken in the cocompletion rCop,Sets of C.

By construction, there exists an ind-object of C for every diagram indexed by a small filtered
category, but these do not have to be objects of C. In particular, taking the index category to
be the one-object category 1, we see that every object X of C is an ind-object as colimit of the
diagram 1Ñ C sending the object of 1 to X. More generaly, one can always identify an ind-object
with the diagram in C giving the ind-object as its colimit.

To make the ind-objects of C into a category IndpCq, one has to define morphisms between them.
We expect the inclusion C Ñ IndpCq described above to be fully faithful, and we also expect
objects of C to be compact in IndpCq, i.e. for X in C the representable functor HomIndpCqpX,´q
should preserve filtered colimits. Therefore, for two ind-objects X and Y viewed as diagrams
X : DÑ C and Y : EÑ C we must have

HomIndpCqpX,Y q “ HomIndpCqp colim
dPobpDq

Xd, colim
ePobpEq

Y eq (3)

“ lim
dPobpDq

HomIndpCqpXd, colim
ePobpEq

Y eq

“ lim
dPobpDq

colim
ePobpEq

HomIndpCqpXd, Y eq

“ lim
dPobpDq

colim
ePobpEq

HomCpXd, Y eq.

This already determines the morphisms between ind-objects uniquely, and we can therefore make
the following definition.

Definition 2.32. The ind-category IndpCq of some small category C has the ind-objects of C as
its objects and morphisms according to equation (3).

If we have additional structure on C, this structure may be transferred to IndpCq.

Proposition 2.33. If C is small and abelian, then its ind-category IndpCq also is an abelian
category, and the embedding CÑ IndpCq is exact. If F : CÑ C1 is an additive functor of abelian
categories, then the induced functor IndpCq Ñ IndpC1q is right (resp. left) exact if F is.

For a proof of this statement see [KS06, section 8.6]. If C is abelian, it also holds that every object
of IndpCq is the filtered colimit of all its subobjects that lie in C [CB94].

14
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Now suppose that C is rigid symmetric monoidal. Then in particular the tensor product is exact
in both variables, and we obtain a tensor product on IndpCq by

X b Y “ p colim
dPobpDq

Xdq b p colim
ePobpEq

Y eq » colim
d,ePobpCˆDq

pXdb Y eq.

By construction, the tensor unit I of C also is unital for the tensor product of IndpCq. Since we can
check all diagrams in C, this tensor product makes IndpCq into a symmetric monoidal category.
The rigid structure does not transfer to IndpCq in this situation. Indeed, it is easy to see that
an object of the ind-category is dualizable if and only if it already lies in C: Suppose that X is
dualizable in IndpCq with dual X_. Then since X is the filtered colimit of all its subobjects in
C, there must be a subobject X 1 of X lying in C such that the coevaluation coev : I Ñ X bX_

factors through X 1 bX_. Then the commutative diagram

pX X bX_ bX Xq “ idX

X 1 bX_ bX X 1

coevbidX idXbev

shows that idX factors through idX1 , and thus we must have X 1 “ X.

3 Affine group schemes
In this section I will state the basic properties of affine group schemes. These will be used in the
following sections to prove the Tannaka duality theorem for affine groups.

3.1 Motivation
Suppose we are given a field k and a k-algebra R. For a free R-module M we can then look at
the group of invertible transformations of unit determinant SLpMq, which, upon choice of a basis,
is given as matrix group SLnpRq for n “ dimM . The condition of a matrix being in this group
can be written as the vanishing of a polynomial in the entries of the matrix: If we have a matrix
A “ paijq with entries in R, then this matrix is an element of SLnpRq if and only if

detpAq ´ 1 “
ÿ

σPSn

sgnpσqa1σp1q . . . anσpnq ´ 1 “ 0.

Note however that this polynomial is independent from the k-algebra we chose. If we take f P
krx11, . . . , xnns to be the polynomial above replacing aij by xij , we can see that for an arbitrary
k-algebra S we have

SLnpSq “ VSpfq :“ tA “ paijq P MatnpSq : fpAq “ 0u.

Any matrix paijq P MatnpSq satisfying this condition therefore must be given by the images of the
residue classes x̄ij of the xij under some k-algebra homomorphism

krx11, . . . , xnns{pfq Ñ S.

In this sense we can view px̄ijq as the universal matrix encoding the properties of the special linear
group of any k-algebra.

This discussion shows that there is a natural generalization of usual groups of this type embracing
the fact that their structure is independent of their concrete realization, and we call these gener-
alized groups affine group schemes. In the case of the special linear group, all the information is
encoded in the k-algebra krx11, . . . , xnns{pfq, which in turn corresponds to some affine subscheme
of Ank .
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3.2 Definition and first properties
Before we can define affine group schemes we first need to investigate some properties of affine
schemes. Let Sch be the category of schemes. By the Yoneda embedding, giving a scheme is
equivalent to giving a contravariant representable functor from Sch to the category of sets, and
we call this functor the functor of points. By looking at affine open covers, it is easy to show
that a scheme is already uniquely determined by the restriction of its functor of points to the
category of affine schemes (see [EH00, prop. 6.2]). Therefore, if we are given an affine scheme
X “ SpecR, we have HomSchpSpecS,Xq » HomRingpR,Sq and the functor of points of X is
uniquely determined by the covariant functor hR represented by R from Ring to the category
of sets. The same construction works analogously for the category Sch{k of k-schemes, and the
diagram below shows the setting we have now.

Algop
k

Sch{k FuncpAlgk,Setq

Specp´q hp´q

AffSch{k „ Algop
k „ repFuncpAlgk,Setq

Definition 3.1. An affine group scheme (over k) is a group object in the category of affine schemes
over k. A morphism of affine group schemes is a scheme morphism that respects the multiplication
law. Analogously, an affine monoid is an internal monoid in the category of affine schemes over k.

For the sake of brevity I will often use the name ’affine group’ when meaning ’affine group scheme’.
By the above considerations we immediately get the following.

Lemma 3.2. The data of the following structures are essentially the same:
(i) An affine group scheme,
(ii) A group object in Algop

k . This is the same as a Hopf algebra over k (see proposition 2.29),
(iii) A group object in the category repFuncpAlgk,Setq, which is a representable functor G :

Algk Ñ Set together with a natural transformation m : G ˆ G Ñ G such that mpRq is a
group structure on GpRq for all k-algebras R.

If not stated otherwise, I will usually take the point of view of an affine group being a representable
functor giving a group structure. The reason is that this way to think about affine groups makes
it the easiest to define a representation theory of such groups. Also, the internal structures in the
functor category FuncpAlgk,Setq from k-algebras to sets is sometimes easier to handle than the
explicit description in terms of prime ideals of certain rings.

The next piece of structure is the representing object of a given affine group. For an affine scheme
X “ SpecR we have a structure sheaf satisfying OXpXq “ R, and I will adapt the notation used
in the special case of affine varieties in calling OXpXq the coordinate ring of X. For an affine
group given by a representable functor, the object representing it is exactly the coordinate ring
of the associated affine scheme. For an affine variety, the coordinate ring can be interpreted as
k-algebra of local morphisms to the underlying affine line A1

k, and in the more general case of an
affine scheme we can still define a type of evaluation of elements of the coordinate ring on points
in the spectrum by defining the value of an element f P R on the point p P SpecR to be the
residue class of f under the projection morphism to R{p. It is therefore reasonable to expect the
representing object of an affine group G to be given by the morphisms from G to some instance of
the affine line.

Construction 3.3. As we have A1
k “ Spec krxs, we see that as a functor the affine line is repre-

sented by the polynomial ring in one variable. If R is another k-algebra, we have

HomAlgkpkrxs, Rq » R,
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since every such homomorphism is uniquely determined by the image of x. Since the codomain of
HomAlgkpkrxs,´q is the category of sets, the image of a k-algebra R stays R as a set, but there is no
k-algebra structure anymore. Therefore, the affine line is simply the forgetful functor of k-algebras.
The transcendent variable x is the universal element mediating the natural transformation between
these two view points.

Definition 3.4. The coordinate ring OpGq of an affine group G is given as a set by

OpGq :“ NatpG,A1
kq.

We make OpGq into a ring by defining

pf ˘ gqR :“ fR ˘ gR

pf ¨ gqR :“ fR ¨ gR

for f, g P OpGq and R a k-algebra. Note that we utilized the ring structure on R on the right hand
sides. We further make OpGq into a k-algebra by defining

pcfqR :“ c ¨ fR

for c P k.

It remains to show that this is indeed a representing object for G.

Proposition 3.5. Let G be an affine group with coordinate ring OpGq “ NatpG,A1
kq. Then the

natural transformation

α : GÑ HomAlgkpOpGq,´q

sending an element g P GpRq to the k-algebra morphism "evaluation at g" is a natural isomorphism
of set valued functors.

Proof. As an affine group, G is representable, so we know that G “ HomAlgkpA,´q for some
k-algebra A. By the Yoneda lemma we have an isomorphism of sets

φ : OpGq “ NatpG,A1
kq » NatpHomAlgkpA,´q,A

1
kq » A1

kpAq “ A,

and by construction of the algebra structure on OpGq, this even is an isomorphism of k-algebras.
I claim that the α defined as above is just the induced natural isomorphism

φ˚ : HomAlgkpA,´q Ñ HomAlgkpOpGq,´q.

The component φ˚R sends a homomorphism g : AÑ R to g ˝φ : OpGq Ñ R which in turn maps an
element f of the coordinate ring to gpfAp1Aqq P R. The following commutative diagram coming
from the naturality of f then proves the claim.

HomAlgkpA,Aq A

HomAlgkpA,Rq R

fA

g˚ g

fR

Definition 3.6. The element a P GpOpGqq corresponding to the natural transformation α via the
Yoneda lemma is called the universal element of G.
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Remark 3.7. The natural isomorphism α relates the two different ways to view OpGq; as coordinate
ring of the affine variety G and as representing object of the functor G. Take some f P OpGq.
Then we get a morphism fR : GpRq Ñ R mapping g P GpRq to fRpgq. But at the same time, using
the evaluation morphism, g can be seen as a map evg : OpGq Ñ R, and we obtain the relation

fRpgq “ evgpfq.

Remark 3.8. We have a ’trivial’ affine group ‹ given by the functor sending every algebra to the
one-element set viewed as the trivial group. The components of a natural transformation β from ‹

to the affine line are given by an element βR P R for all k-algebras R, and since we have a canonical
inclusion k Ñ R for every such algebra, naturality shows that β is already determined by βk P k.
Therefore, the coordinate ring of the trivial affine group is just the underlying field

Op‹q “ k.

3.3 Affine groups as Hopf algebras
Recall from lemma 3.2 that an affine group may equivalently be seen as a Hopf algebra. I will now
make this relation more explicit by showing that the group structure on a representable functor G
indeed gives a Hopf algebra structure on the coordinate ring OpGq.

The trick when transferring structure from the group to the coordinate ring and backwards is to
once again use the isomorphism α from proposition 3.5.

Lemma 3.9. Let Ψ : G Ñ H a morphism of affine groups. Then there is a canonical morphism
Ψ7 : OpHq Ñ OpGq such that

pΨ7fqRpgq “ fRpΨRgq

for all f P OpHq and g P GpRq.

Proof. Let α and β be the isomorphisms as in proposition 3.5 for G and H respectively. Then
there is a unique morphism Ψ̃ : HompOpGq,´q Ñ HompOpHq,´q making the following square
commute.

G H

HompOpGq,´q HompOpHq,´q

Ψ

α β

Ψ̃

By the Yoneda lemma, Ψ̃ must be given by some morphism

Ψ7 : OpHq Ñ OpGq

such that Ψ̃R “ pΨ
7q‹ for all k-algebras R. For g P GpRq, f P OpHq, commutativity of the above

diagram then yields

fRpΨRgq “ evΨRgpfq “ Ψ̃pevgqpfq “ pevg ˝Ψ7qpfq “ evgpΨ7fq “ pΨ7fqRpgq.

We can now asses the Hopf algebra structure provided by an affine group. The multiplication map
is a morphism

m : GˆGÑ G,
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and the tensor product in the category of k-algebras is indeed the coproduct of this category (see
lemma 2.28). Thus, since the contravariant Yoneda embedding sends colimits to limits, and in
particular coproducts to products, we have 2

HomAlgkpA1 bA2,´q » HomAlgkpA1,´q ˆHomAlgkpA2,´q,

and m can be viewed as a morphism

m : HomAlgkpOpGq bOpGq,´q Ñ HomAlgkpOpGq,´q.

By the above lemma the induced morphism

∆ : OpGq Ñ OpGq bOpGq

then satisfies

p∆fqRpg1, g2q “ fRpmRpg1, g2qq “: fRpg1 ¨ g2q @g1, g2 P GpRq,

if we define pf1b f2qRpg, g
1q “ pf1qRpgqpf2qRpg

1q for elements f1b f2 P OpGqbkOpGq. By remark
3.8 the unit morphism e : ‹ Ñ G yields a morphism ε : OpGq Ñ k which by the lemma satisfies

pεfqRp‹q “ fRpeR‹q.

We can state this less rigorously but more understandably as εf “ fpeq, where e denotes the
neutral object of the group Gpkq. At last, the inversion morphism inv : G Ñ G yields an algebra
morphism S : OpGq Ñ OpGq satisfying

pSfqRpgq “ fRpinvRpgqq “: fRpg
´1q @g P GpRq.

Proposition 3.10. Let G be a representable functor from k-algebras to sets, and letm : GˆGÑ G,
e : ‹ Ñ G and inv : G Ñ G be natural transformations. Then pG,m, e, invq is an affine group if
and only if the morphisms ∆, ε and S defined as above make OpGq into a Hopf algebra.

Proof. The functor A ÞÑ HomAlgkpA,´q of k-algebras directly translates the diagrams of a Hopf
algebra into those of an affine group.

3.4 Representation theory for affine groups
Given an ordinary group G, a linear representation of G is defined as a group homomorphism

r : GÑ AutpV q

for some vector space V . To generalize this notion to affine groups, we first need to think about a
way to view the automorphism group as an affine group. To this end, let k be some commutative
ring with unity, and let R be a k-algebra. Then for each k-module V we have the R-module
obtained by extension of scalars to R,

VR :“ V bk R.

We now define the endomorphism functor of V by

EndpV q : Algk Ñ Set, R ÞÑ EndRpV q :“ EndRModpVRq.

The effect of this functor on morphisms is given by first restricting to V , then applying the mor-
phism, and then extending to a module morphism again. In particular, if ϕ : RÑ S is a morphism
of k-algebras,

EndpV qpϕqpfqpv b sq “ s ¨ pidV b ϕqpfpvqq.
2If f : A1 Ñ R, g : A2 Ñ R, write rf, gs for the unique morphism A1 bA2 Ñ R given by f and g.
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Remark 3.11. One can show that if V is finitely generated and projective, then EndpV q indeed is
an affine monoid under composition as multiplication (see [Nit04]). In particular, this is always
the case if k is a field and we look at finite dimensional k-algebras. In this special case, upon a
choice of basis, EndRpV q can be viewed as the dimV ˆ dimV matrices with entries in R, and
AutpV q :“ EndpV qˆ is just the general linear group functor. We will mainly be concerned with
the case of k being a field.

We are now able to talk about linear representations of affine groups.

Definition 3.12. Let G be an affine monoid. A linear representation of G on a k-module V is a
natural transformation

r : GÑ EndpV q

of monoid valued functors. If G is indeed an affine group, r will have values in AutpV q.

Note that by the way we defined morphisms of affine groups, we could equally well say that r is a
affine group homomorphism.

Remark 3.13. We can directly transfer most of the terminology used in ordinary representation
theory. For example, we call a linear representation of an affine group G on V faithful if all
morphisms rR are injective, and we call a subspaceW of V a subrepresentation of V , if rRpgqWR Ă

WR for all k-algebras R and g P GpRq.

Equivariant maps are also defined analogously to the case of ordinary groups.

Definition 3.14. A morphism of linear representations u : pV, rq Ñ pV 1, r1q (also called inter-
twiner) is a linear map u : V Ñ V 1 such that the diagram

VR W 1
R

VR W 1
R

uR

rRpgq r1Rpgq

uR

commutes for all k-algebras R and g P GpRq, where uR denotes the extension of scalars of u, i.e.
uR “ ub idR.

The most important example of linear representation of affine groups is the regular representation.
Recall that for an ordinary group G and krGs the k-module of functions from G to k (called the
group algebra of G), the regular representation rA of G on krGs is given by

rApgqpfqphq “ fphgq.

For an affine group G, the k-module of functions from G to k is nothing but the coordinate ring
OpGq “ NatpG,A1q, so we construct the regular representation of G on the k-vector space OpGq.
In particular, the regular representation rA of G is a natural transformation with component at
the k-algebra R

prAqR : GpRq Ñ AutRModpOpGq bk Rq.

At this point, it is helpful to talk about the interpretation of OpGq bk R.

Lemma 3.15. The R-algebra OpGq bk R is the representing object of the affine scheme GR over
R given by restricting the functor G to the category of R-algebras. In particular, we have

OpGq bk R “ NatpGR,A1
Rq “: OpGRq.
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Proof. For every R-algebra S and k-algebra morphism φ : OpGq Ñ S there is a unique R-linear
extension of φ to OpGq bk R. Thus, HomAlgkpOpGq, Sq » HomAlgRpOpGq bk R,Sq, showing that
OpGqbkR represents GR. The proof of proposition 3.5 can be repeated in the same way replacing
k with R, which proves the second claim.

Remark 3.16. It is a central fact for the representation theory of affine groups that the representing
object of the functor, the coordinate ring of the underlying affine scheme and the group algebra of
the group all agree. We will see more of that when we examine the relation between representations
of groups and comodules over the corresponding coordinate ring.
We are now able to finish the definition of the regular representation.

Construction 3.17. Let g P GpRq, f P OpGq, and let ϕ : R Ñ S be an R-algebra structure on
the k-algebra S. Then for x P GpSq, define

pprAqRpgqpfqqSpxq :“ fSpx ¨Gpϕqpgqq.

We can then uniquely extend this construction to f P OpGq bk R “ NatpGR,A1
Rq, in particular,

pprAqRpgqpf b rqqSpxq “ ϕprqfSpx ¨Gpϕqpgqq.

There is a close connection between actions of an affine group and coactions of its group algebra.
In particular, we have the following remarkable theorem

Theorem 3.18. Let G be an affine monoid over k and V a k-module. There is a natural one-to-
one correspondence between linear representations of G on V and OpGq-comodule structures on V .

In particular, if r is such a representation, the universal element a P GpOpGqq is mapped to an
element of EndOpGqpV q whose restriction to V is a comodule structure, and conversely, if ρ is an
OpGq-comodule structure, then there is a unique representation r such that the restriction of rRpgq
to V is given by pidV b evgq ˝ ρ for all k-algebras R and g P GpRq.

V V bk OpGq V bk R

V bk OpGq V bk R

ρ

idV bevpgq

rOpGqpaq rRpgq

idV bevpgq

Proof. First show that the above operations are indeed inverse to each other. Clearly, if ρ is a
morphism of k-modules V Ñ V bk OpGq, then pidV b evaq ˝ ρ “ ρ, as the map corresponding to
a is the identity by definition. Now suppose we are given a natural transformation of set valued
functors r : GÑ EndpV q. Then for s P R, g P GpRq and v P V ,

s ¨ pidV b evgq ˝ rOpGqpaqpvq “ EndpV qpevgqprOpGqpaqqpv b sq “ rRpgqpv b sq

by naturality of r in evg : OpGq Ñ R.

Next show that r is indeed a natural transformation of group valued functors if and only if the corre-
sponding ρ is aOpGq-comodule structure. By definition, group multiplication in HomAlgkpOpGq, Rq
is given by mRpf, gq “ rf, gs ˝∆. Therefore, for g, h P GpRq, the action of rRpghq on V is given by

V
ρ
ÝÑ V bk OpGq

idV b∆
ÝÝÝÝÑ V bk OpGq bk OpGq

idV brevg,evhs
ÝÝÝÝÝÝÝÝÝÑ V bk R,

while the action of rRpgqrRphq is given by

V
ρ
ÝÑ V bk OpGq

idV bevh
ÝÝÝÝÝÑ V bk R

ρbidR
ÝÝÝÝÑ V bk OpGq bk R

idV brevg,idRs
ÝÝÝÝÝÝÝÝÝÑ V bk R,
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which is the same as

V
ρ
ÝÑ V bk OpGq

ρbidOpGq
ÝÝÝÝÝÝÑ V bk OpGq bk OpGq

idV brevg,evhs
ÝÝÝÝÝÝÝÝÝÑ V bk R.

It is now easy to see that rRpghq and rRpgqrRphq agree for all k-algebras R and all g, h P GpRq if
and only if the following diagram commutes

V V bk OpGq

V bk OpGq V bk OpGq bk OpGq

ρ

ρ idV b∆

ρbidOpGq

At last, for the neutral element e P Gpkq the identification eve “ ε with ε the counit of OpGq shows
that rkpeq “ idVbkk if and only if the following diagram commutes

V V bk OpGq V bk k

V bk OpGq V bk k

ρ

idV bε

idVbkk

idV bε

Since this is exactly the counit diagram for V , this completes the proof.

As an example, look again at the regular representation. An OpGq-algebra structure on a k-algebra
R is given by a morphism ϕ : OpGq Ñ R, which is the same as giving a group element h P GpRq
by ϕ “ evh. Then by construction 3.17 the morphism prAqOpGqpaq acts on f P OpGq by

pprAqOpGqpaqpfqqRpgq “ fRpg ¨Gpevhqpaqq “ fRpghq “ p∆fqRpg, hq,

since Gpevgqpaq “ g by naturality of α. Therefore, the regular representation of G corresponds to
the OpGq-comodule OpGq with coaction ∆.

The special role of the regular representation in the theory of affine groups is the same as in ordinary
representation theory: It is a faithful representation which contains every other representation of
the group. In particular, we have the following.

Proposition 3.19. Let G be a flat affine monoid3 over k, pV, rq a linear representation of G with
associated OpGq-comodule structure ρ, and

V bk OpGq
idV b∆
ÝÝÝÝÑ V bk OpGq bk OpGq

the free OpGq-comodule structure on V . Then ρ : V Ñ V bk OpGq is an injective homomorphism
of representations of G.

Proof. The coassociativity diagram making pV, ρq an OpGq-comodule is the same diagram stating
that ρ is indeed a morphism of OpGq-comodules. By the counit diagram of pV, ρq, the composition
of ρ with idV b ε is injective, so ρ must be too.

3Meaning that the coordinate ring of G is flat as k-module.
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3.5 Categorical formulation
Let pC,∆, εq be a cogebra over a ring k. Then the comodules over C together with morphisms of
comodules form a additive category ComodC. The forgetful functor to k-modules is exact if and
only if C is flat, and further if this is the case, then the ComodC is abelian k-linear (in fact even
a Grothendieck category) [Wis75].

A bialgebra structure pm, eq on C defines a monoidal structure on ComodC. If pV, ρq and pV 1, ρ1q
are comodules over C, then on V bk V 1

V bk V
1 ρbρ

1

ÝÝÝÑ V bk C bk V 1 bk C
»
ÝÑ V bk V

1 bk C bk C
idV bidV 1bm
ÝÝÝÝÝÝÝÝÑ V bk V

1 b C

is again a comodule structure; the tensor product of pV, ρq and pV 1, ρ1q. The unit e : k Ñ C » kbkC
provides the tensor unit. In case k is a field, for any finite dimensional k-vector space V we get

HomkModpV, V bk Cq » HomkModpV bk V
_, Cq » HomkModpV

_, C bk V _q,

and thus a right coaction ρ on V yields a left coaction ρ1 on V _. A Hopf algebra structure S on C
then provides a way to turn this into a right coaction again. In particular, the morphism

V _
ρ1

ÝÑ C bk V _
»
ÝÑ V _ bk C

idV_bS
ÝÝÝÝÝÑ V _ bk C

is a right coaction on V _, called the dual comodule structure of ρ. By construction, the forgetful
functor preserves both the rigid and the monoidal structure.

Now let G be an affine monoid, and let ReppGq be the category of finitely generated linear repre-
sentations of G. Theorem 3.18 shows that this cateogory is equivalent to the category of finitely
generated OpGq-comodules, and therefore is a abelian k-linear with an exact forgetful functor in
case G is flat. The equivalence between these two categories respects the monoidal and rigid struc-
ture, as can be checked by direct computation.

The flatness of a cogebra C also ensures that subcomodules over C are well defined. In particular,
if pV, ρq is a C-comodule, and W Ă V is a k-submodule, then we have W bk C Ă V bk C, and we
say that W is a subcomodule of V if ρpW q Ă W bk C. If k is Noetherian and C is a flat cogebra,
then every comodule over C is the filtered union of its finitely generated subcomodules [Ser93].
Therefore, in case that G is a flat affine monoid over a Noetherian ring, every linear representation
of G is the union of its finitely generated subrepresentations.

4 Tannaka duality for affine group schemes
I will now prove the Tannaka duality theorem for affine group schemes, and also give a criterion
for a category to be of the form ReppGq for some affine group G. This approach is in analogy
with the theory of Pontryagin duality, which describes how to recover a locally compact abelian
group from its group of characters and also classifies the properties of the group in comparison to
its dual group of characters.

4.1 General Tannaka duality
In a suitably well-behaved category, there is a strong connection between an internal monoid and its
category of modules: One can always recover the monoid from only knowing the module category
over it. In particular, if C is a locally small symmetric monoidal category with internal hom and
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all limits, and A is an internal monoid in C, then A is isomorphic to the end4 of the composition
of the hom-functor with the forgetful functor F : AModÑ C:

A »

ż

M :AMod
HomCpF pMq, F pMqq.

This is just a restatement of the enriched Yoneda lemma and can be found in [Bor94, section
6]. Interestingly, in some categories it suffices to only look at the full subcategory of dualizable
("finite") module to recover the monoid, and in these cases one speaks of a Tannaka reconstruction
theorem.

The easiest example is the cartesian category Set of sets, where one can recover a group from the
category of sets equipped with an action of this group.

Theorem 4.1. Let G be a group and write GSet for its category of G-sets. If F : GSetÑ Set is
the forgetful functor forgetting the group action, then there is a canonical group isomorphism

AutpF q » G.

Proof. First observe that the set of morphisms from G viewed as a G-set to any G-set pX, ρq is
isomorphic to X: If f : GÑ X is such a morphisms, then

fpgq “ fpgeq “ ρpgqfpeq,

so one may only choose the image of e freely. Therefore, the forgetful functor F is represented by
G, and we get

EndpF q » EndpHomGSetpG,´qq » HomGSetpG,Gq » G

using the Yoneda lemma.

4.2 The reconstruction theorem
The aim of this section is to discuss the following theorem, which essentially establishes Tannaka
duality between affine groups and their category of finite dimensional linear representations.

Theorem 4.2 (Reconstruction theorem). Let G be a flat affine monoid over a Noetherian ring
k, and let R be a k-algebra. Suppose that for each linear representation pV, rV q of G on a finitely
generated k-module V we are given an R-linear morphism

λV : V bk RÑ V bk R

satisfying

(1) λVbkW “ λV b λW ,

(2) λk “ idR5, and

(3) for all G-equivariant linear maps u : V ÑW we have λW ˝ uR “ uR ˝ λV .

Then there is a unique element g P GpRq such that λV “ prV qRpgq for all finitely generated
representations pV, rV q.

I will first present a proof of the theorem and then explore its consequences and corollaries. The
proof relies heavily on the following lemma.

4For the definition of an end see [ML78, section 9.5].
5Where k denotes the trivial representation of G.
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Lemma 4.3. Let G be an affine monoid over k, and let u be a k-algebra endomorphism of its
coordinate ring OpGq. If the diagram

OpGq OpGq bk OpGq

OpGq OpGq bk OpGq

∆

u idOpGqbu

∆

commutes, then there is an element g P Gpkq such that u “ prAqkpgq.

Proof. If u˚ : HomAlgkpOpGq,´q Ñ HomAlgkpOpGq,´q denotes the corresponding natural trans-
formation, then Ψ : GÑ G given by ΨR “ α´1

R ˝ u˚ ˝ αR satisfies

pufqRpgq “ fRpΨRgq

for all k-algebras R and g P GpRq by lemma 3.9, with α being the natural transformation from
proposition 3.5. Evaluating the two compositions of the diagram we get

p∆ ˝ uqpfqRpx, yq “ p∆pufqqRpx, yq “ pufqRpxyq “ fRpΨRpxyqq

and

ppidOpGq b uq ˝∆qpfqRpx, yq “

˜

pidOpGq b uq

˜

ÿ

i

fi b gi

¸¸

R

px, yq “

˜

ÿ

i

fi b ugi

¸

R

px, yq

“
ÿ

i

pfiqRpxq ¨ pugiqRpyq
loooomoooon

pgiqRpΨRyq

“ p∆fqRpx,ΨRyq “ fRpx ¨ pΨRyqq,

where ∆f “:
ř

i fi b gi. By the commutativity of the diagram, this yields

fRpΨRpxyqq “ fRpxpΨRyqq

for all f P OpGq, and thus ΨRpxyq “ xpΨRyq for all x, y P GpRq.

Now let e P Gpkq and eR P GpRq be the respective neutral elements, and let ιR : k Ñ R be the
morphism making R a k-algebra. Then by naturality of Ψ, GpιRq sends Ψkpeq to ΨRpeRq, and we
get

pufqRpxq “ fRpΨRxq “ fRpΨRpxeRqq “ fRpxpΨReRqq “ fRpxpGpιqpΨkeqqq

“ pprAqkpΨkeqpfqqRpxq,

so defining g :“ Ψke, we get the desired result.

Using the lemma the proof of the reconstruction theorem is now straight forward.

Proof of theorem 4.2. Under the given assumptions every linear representation V of G is the union
of its finite dimensional subrepresentations, V “

Ť

i Vi. All the inclusion maps Vi Ñ Vi X Vj are
G-equivariant, and thus by condition (3) we can then glue all λVi together to form a morphism
λV : V bk RÑ V bk R also satisfying all the conditions.

Accordingly, we also have a morphism λA : OpGqbk RÑ OpGqbk R corresponding to the regular
representation rA of G. The multiplication on OpGq is equivariant for the representations rA and
rA b rA, and thus (1) and (3) imply that λA is indeed a morphism of k-algebras. Analogously,
the comultiplication on OpGq is equivariant for the representations rA and idOpGqbkR b rA, and
therefore by (1) and (3) the diagram
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OpGq bk R OpGq bk Rbk OpGq bk R

OpGq bk R OpGq bk Rbk OpGq bk R

∆R

λA idOpGqbλA

∆R

commutes. Thus, using the previous lemma on the affine scheme GR over R, we get g P GpRq such
that λA “ prAqRpgq.

Now let pV, rV q be some finitely generated representation of G. By proposition 3.19, ρ : V Ñ

V bkOpGq is an injective homomorphism of representations, where the representation on V bkOpGq
is taken to be the tensor product of trivial and regular representation. I just showed that prp´qqRpgq
and λp´q agree on the regular representation, and by (2) they agree on the trivial representation
on V . Therefore, they also agree on the tensor product, and then by injectivity of ρ and (3), we
finally get λV “ prV qRpgq. This proves existence. Uniqueness follows trivially from the fact that
the regular representation is faithful.

Since every element g P GpRq of an affine monoid defines such a family of morphisms by λV “
prV qRpgq, the theorem shows that the category of finitely generated linear representations of an
affine monoid G encompasses all the information about the monoid itself, or in other words, we can
recover G from the category ReppGq. This is also the reason this theorem is called reconstruction
theorem.

Now the question arises how we can implement this reconstruction when given a category which
we know to be of the form ReppGq. To this end, note that every such category comes with a
family of forgetful functors

ωR : ReppGq Ñ RMod, pV, rV q ù V bk R

indexed by k-algebras R. Let EndbpωRq be the monoid of natural endomorphisms of ωR respecting
the monoidal structure. These requirements are the same stating that every λ P EndbpωRq satisfies
conditions (1) and (2) from theorem 4.2, and condition (3) is equivalent to naturality. We thus get
the following

Corollary 4.4 (Tannaka duality for affine monoids). Let G be an affine monoid. For every k-
algebra R, the monoid morphism

GpRq Ñ EndbpωRq

which sends g P GpRq to prp´qqRpgq is an isomorphism, and the correspondence is natural in R.
In particular, if Endbpωq denotes the functor R ù EndbpωRq, we have

G » Endbpωq.

4.3 The recognition theorem
In this section, k is always assumed to be an algebraically closed field of characteristic zero. In
particular, all k-modules are free and EndpV q always is an affine monoid. As discussed before, the
category of finite dimensional comodules over some cogebra C is abelian k-linear and comes with
an exact and faithful fiber functor to Vectk. Further, this category is clearly essentially small,
meaning equivalent to a small category, becauseVectk is. I will now prove that every category with
these characteristics is already a representation category; this is called the recognition theorem.
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Definition 4.5. For an abelian category C and an object X, denote by rXs the isomorphism class
of X in C. Also, denote by xXy the full subcategory of C whose objects are subquotients of direct
sums of copies of X. We have a partial order on the isomorphism classes given by rXs ď rY s if
xXy Ă xY y, and since rXs, rY s ď rX ‘ Y s, for essentially small categories this partial order is a
projective system.

Theorem 4.6 (Recognition theorem for comodules). Let C be an essentially small k-linear abelian
category, and let

ω : CÑ Vectk

be a k-linear exact and faithful functor. Then there is a cogebra C such that we have an equivalence

C » ComodC.

In particular, if Cpωq is the cogebra lim
ÝÑrXs

Endpω|xXyq_, then for every object X the vector space
ωpXq has the structure of a right Cpωq-comodule, and ω defines an equivalence between C and
ComodCpωq.

For the proof of this theorem we first need several preliminary results. Let C and ω be as in the
theorem.

Lemma 4.7. 1. For all objects X and Y in C, HomCpX,Y q is finite dimensional over k.

2. The fiber functor ω reflects monomorphisms, epimorphisms and isomorphisms.

Proof. The first statement is a direct consequence of the fact that ω is faithful. The second
statement is just a standard result on faithful functors (see e.g. [ML78]).

We will first work in the setting of the category xXy. For a set S Ă ωpXq, the intersection6 of all
subobjects Y of X such that S Ă ωpY q is called the subobject generated by S. In particular,

Definition 4.8. An object Y is called monogenic if it is generated by a single element, i.e. there
is a generator y P ωpY q such that for each Y 1 Ă Y , y P ωpY 1q implies Y 1 “ Y .

Lemma 4.9. For every monogenic object Y in xXy, we have

dimωpY q ď pdimωpXqq2.

Proof. Let Y be a subquotient, i.e. we have morphisms Y � Y1 ãÑ Xm. If y1 P ωpY1q is a
preimage of y P ωpY q and Z is the subobject of Y1 generated by y1, then the image of Z in Y
contains y, and is therefore equal to Y . Thus, WOLOG assume that Y Ă Xm for some m P N,
and suppose that m ą dimωpXq. Since the generator y of Y lies in ωpY q Ă ωpXqm, we can write
y “ py1, . . . , ymq with yi P ωpXq linearly dependent. Thus we can find λi P k not all zero such that
ř

i λiyi “ 0. These λi define a morphism λ : Xm Ñ X, which is surjective when pushed down to
Vectk. Therefore we can find a matrix A that extends λ to an isomorphism,

ˆ

λ1 . . . λm
A

˙

: Xm Ñ Xm.

Let N be the kernel of λ. Then ωpAq sends ωpNq to ωpXqm´1, and this is an isomorphism. Since
ω reflects isomorphisms, this shows that N » Xm´1, and y P ωpNq implies that Y embeds to
Xm´1. We can continue in this fashion until we have m1 P N with Y Ă Xm and m ď dimωpXq.
This proves the claim.

6The intersection of two subobjects is just their categorical product in the poset category of subobjects.
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Lemma 4.10. Let P be a monogenic object in xXy with largest possible dimωpP q, and let p be a
generator of P . Then pP, pq represents ω|xXy.

Proof. Since ωpXq is of finite dimension, the previous lemma shows that dimωpY q can take on
only finitely many values for monogenic Y , so such a P exists. Since every object in xXy can be
written as a subquotient of some direct power of X, it now suffices to show that for every x P ωpXq
there exists a unique morphism f : P Ñ X such that ωpfqppq “ x.
Uniqueness: Suppose f and g are two such morphisms. Then look at the equalizer

E P X
f

g

Since E is a subobject of P and by construction p P ωpEq, we must have E “ P and therefore
f “ g.
Existence: Let Q be the smallest subobject of the product P >X such that ωpQq contains pp, xq.
Since p generates P , the image of the projection onto the first factor is all of P , which implies
dimωpQq ě dimωpP q. But we chose P maximal monogenic, and thus this projection actually is
an isomorphism. The image of its inverse under ω sends p to pp, xq, and composed with the image
of the projection to the second factor we get the desired morphism.

In particular, this shows that HomCpP,´q is exact and faithful. In other words, P is a projective
generator of C. We are now in the position the make the following definition.

Definition 4.11. Let A :“ EndCpP q “ Endpω|xXyq as a k-algebra. For all objects Y in xXy,
HomCpP, Y q is a right A-module in the canonical way. Since P represents ω, ωpY q has the structure
of a left A-module, and we can thus regard ω (resp. HomCpP,´q) as a functor from xXy to left
(resp. right) A-modules.

Lemma 4.12. The functor ω|xXy is an equivalence of categories xXy Ñ AMod.

Proof. The functor ω|xXy is faithful by definition, so we need to show that it is full and essentially
surjective.
Essentially surjective: For an A-module M , choose a finite presentation

Am
u
ÝÑ An ÑM Ñ 0.

Then u can be viewed as a m ˆ n-Matrix with entries in A, and in this manner it also defines
a morphism Pm Ñ Pn. If Y is its cokernel, the exactness of HomCpP,´q implies that M »

HomCpP, Y q » ωpY q.
Full: By the above every object Y of xXy occurs in an exact sequence

Pm
u
ÝÑ Pn Ñ Y Ñ 0.

Let Y 1 be another object. Then we have

HomCpP
m, Y 1q “ HomCpP, Y

1qm » HomAModpA
m,HomCpP, Y

1qq

“ HomAModpHomCpP, P
mq,HomCpP, Y

1qq,

where the second equality follows from the fact that A is the tensor unit of AMod. Now the
commuting diagram

0 HomCpY, Y
1q HomCpP

n, Y 1q HomCpP
m, Y 1q

0 HomAModpωpY q, ωpY
1qq HomAModpA

n, ωpY 1qq HomAModpA
m, ωpY 1qq

» »
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shows that we have HomCpY, Y
1q » HomAModpωpY q, ωpY

1qq, and this isomorphism is given by
HomCpP,´q.

We can now finally formulate a proof for the recognition theorem for comodules.

Proof of theorem 4.6. For any object X of C, let AX :“ Endpω|xXyq and let CX :“ A_X , which is a
cogebra since AX is finite dimensional for all X. Furthermore, a left AX -module yields a right CX -
comodule, and lemma 4.12 shows that the functor ω|xXy is an equivalence of categories between
xXy and ComodCX . Now if rXs ď rY s for two objects X and Y in C, we have a restriction
morphism AY Ñ AX whose dual yields a morphism CX Ñ CY . We can then take the directed limit

Cpωq :“ lim
ÝÑ
rXs

Endpω|xXyq_

over these morphisms. Then every ωpXq for some object X has the structure of a right Cpωq-
comodule, and ω is an equivalence of categories between C and ComodCpωq by construction.
This completes the proof.

On the correspondence between bimodule structures and tensor products. Since we
are not primarily interested in the category of comodules over some cogebra, but rather in the
category of linear representations of some affine group, it remains to find out how this recognition
theorem interacts with the extra structure of the coordinate ring of an affine group in comparison
with a general cogebra. In section 3.5 I showed how a bialgebra structure on a cogebra yields a
monoidal structure on its category of representations. Actually, the converse is also true, as I will
now prove.

For some finite-dimensional k-algebra A and an arbitrary k-algebra R, let ωR : AModÑ RMod
be the functor sending an A-module M to the free R-module RbkM .

Lemma 4.13. The canonical map

u : Rbk AÑ EndpωRq, upr b aqM psbmq “ rsb am

is an isomorphism. In particular, A » Endpωq, where ω is just the forgetful functor on AMod.

Proof. I will show that the map v : EndpωRq Ñ R bk A sending a natural transformation λ to
λAp1 b 1q is an inverse to u. Clearly, v ˝ u “ idRbkA, so we only have to show u ˝ v “ idEndpωRq.
For any λ P EndpωRq we have λAbkM “ λA b idM because A bk M is a direct sum of copies of
A. Let µ : A bk M Ñ M be the multiplication map a bm ÞÑ am. Then µ is A-linear, and by
naturality of λ the diagram

Rbk AbkM RbkM

Rbk AbkM RbkM

idRbµ

λAbidM λM

idRbµ

commutes. But starting with 1b 1bm P Rbk AbkM , this means

λM p1bmq “ λM p1b µp1bmqq “ pidR b µqpλAp1b 1q bmq “ upλAp1b 1qqM p1bmq,

so the claim holds.
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We can also use this result on cogebras. If C is some cogebra, then C_ is an algebra, and since
every comodule is the projective limit of all its finite-dimensional subcomodules, we then get

C » lim
ÝÑ
rMs

Endpω|xMyq_.

With this in mind, we can prove

Proposition 4.14. There is a one-to-one correspondence between cogebra homomorphisms u :
C Ñ C1 and functors F : ComodC Ñ ComodC1 such that ωC1 ˝ F “ ωC. This correspondence is
given by sending u to the functor that sends a C-comodule pV, ρq to the C1-comodule pV, pidV buq˝ρq.

Proof. A natural transformation λ P EndpωC1 |xY yq is already determined by λY , since λ is additive
and naturality then gives the right morphisms for quotient- and subobjects of Y m; and the same
holds for C. Therefore F determines a morphism F̃ : EndpωC1 |xFXyq Ñ EndpωC |xXyq by F̃ pλqX :“
λFX , which then also gives a morphism

lim
ÝÑ
rXs

EndpωC1 |xFXyq Ñ lim
ÝÑ
rXs

EndpωC |xXyq.

Since the LHS is a quotient of lim
ÝÑrY s

EndpωC1 |xY yq, precomposing with the projection and taking
duals yields the desired morphism C Ñ C1.

As we want to use this knowledge to look at the correspondence between monoidal structures on
ComodC and bialgbra structures on C, let us apply this proposition to a cogebra C and its tensor
square C bk C, which has canonical cogebra structure p∆b∆, εb εq. Define

ω b ω : ComodC ˆComodC Ñ Vectk

by pω b ωqppV, ρq, pW, δqq “ V bk W . Then using the same argumentation as in lemma 4.13, one
can see that for finite dimensional cogebras C one has Endpωbωq » CbkC, and therefore in general

pComodC ˆComodC, ωC b ωCq » pComodpC bk Cq, ωCbkCq.

As a result, we finally get the following

Proposition 4.15. There is a one-to-one correspondence between cogebra homomorphisms m :
C bk C Ñ C and bilinear functors φ : ComodC ˆ ComodC Ñ ComodC satisfying φpV,W q “
V bk W as vector spaces.

In particular, this correspondence is given by m ÞÑ φm with φm sending pV, ρq, pW, δq to V bk W
with coaction

V bk W
ρbδ
ÝÝÑ V bk C bk W bk C

»
ÝÑ V bk W bk C bk C

idV bidWbm
ÝÝÝÝÝÝÝÝÑ V bk W b C.

Proof. This is a direct consequence of the above discussion and lemma 4.13. The second part follows
since pV, ρq, pW, δq ÞÑ pV bk W,ρ b δq is an isomorphism ComodC ˆ ComodC » ComodpC bk
Cq.

The additional structure of a category of representations of an affine monoid in comparison to a
category of comodules is precisely the existence on a monoidal structure.

Corollary 4.16 (Recognition theorem for affine monoids). Let C be an essentially small k-linear
abelian category with an exact and faithful fiber functor ω : C Ñ Vectk, and let b : C ˆC Ñ C
be a k-bilinear functor7 such that

7I will write bpX,Y q as X b Y .
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(1) ωpX b Y q “ ωpXq bk ωpY q;

(2) There are natural isomorphisms aX,Y,Z : pX b Y q b Z Ñ X b pY b Zq and τX,Y : X b Y Ñ
Y bX whose images under ω are the usual associativity and commutativity isomorphisms of
the tensor product of vector spaces;

(3) There is an object I P C such that ωpIq “ k and we have isomorphisms X b I » X » I bX
whose images are the canonical isomorphisms making k the tensor unit of vector spaces.

Then the cogebra Cpωq from theorem 4.6 has a unique bialgebra structure pm, eq such that b “ φm

and the comodule structure on ωpIq is given by k e
ÝÑ Cpωq » k bk Cpωq.

Proof. The conditions (1)-(3) make sure that ω : C Ñ ComodCpωq preserves the structure asso-
ciated with b : CˆCÑ C. Therefore, this follows directly from proposition 4.15.

This is exactly the extension of the recognition theorem 4.6 to the case of affine monoids, since
bialgebras are the monoid objects in the category Algop

k . In the last step we want to further extend
the theorem to affine groups. To do this, first note the following.

Proposition 4.17. Let C and C1 be symmetric monoidal categories and let F,G : C Ñ C1 be
strong monoidal functors. If C and C1 are rigid, then every morphism λ : F Ñ G of monoidal
functors is an isomorphism.

Proof. The morphism µ : GÑ F making the diagram

F pX_q GpX_q

F pXq_ GpXq_

λX_

» »

pµXq
_

commute for all objects X in C is an inverse for λ.

Finally, we can state the missing condition for the affine monoid in corollary 4.16 to be an affine
group.

Corollary 4.18. Let C and ω be as in corollary 4.16. Then the cogebra Cpωq belongs to an affine
monoid G, and if C is rigid then G is in fact an affine group.

Proof. Condition (1) of corollary 4.16 implies that the tensor product on C is symmetric, so we
can use the previous proposition on ω : C Ñ ReppGq. Since by the reconstruction theorem we
have G » Endbpωq, this shows that every element of GpRq is invertible for all k-algebras R, and
therefore G is a group.

While this is a very nice result, the statements of corollary 4.16 and 4.18 are still somewhat
disorganized and difficult to grasp. To improve on that, note that the conditions in corollary 4.16
can be summarized in terms of monoidal categories, since they simply state that the category in
question is symmetric monoidal and that ω is functor of monoidal categories. In particular, we
make the following definition.

Definition 4.19 (Neutral Tannakian category). A non-trivial essentially small abelian k-linear
category C is called neutral Tannakian if it is symmetric monoidal with k-bilinear tensor product,
rigid, and equipped with a strong monoidal k-linear exact and faithful functor ω : C Ñ Vectk.
Such a functor is called fiber functor.
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Remark 4.20. The condition that C be non-trivial is most often stated as EndCpIq “ k for I the
tensor unit. Indeed, if C satisfies all the conditions of definition, we have ωpIq “ k and since ω
is faithful k-linear, EndCpIq Ă EndVectkpωpIqq “ EndVectkpkq “ k is a linear subspace, and then
non-triviality of C implies that it must be a non-trivial subspace. The necessity of this condition
stems from the fact that no group has empty representation theory; there always is a trivial action.
Definition 4.19 enables us to state the results of this section in a more coherent manner. As a final
result, we get

Theorem 4.21 (Recognition theorem for affine groups). Every neutral Tannakian category is
equivalent as symmetric monoidal category to the category of representations of some affine group.
In particular, if ω is a fiber functor for the category, the corresponding group is given by

G » Endbpωq.

5 Tannaka duality for affine supergroups
The previous section leaves the question as to when exactly a k-linear monoidal category admits
a fiber functor. It turns out that to answer this question in the most general context, we need to
allow a fiber functor not to the category of finite dimensional vector spaces, but to the category
of finite dimensional super vector spaces, of which the category of usual vector spaces is a full
subcategory. This will lead to the generalization of affine group schemes to affine supergroups.

Throughout this section, let k be an algebraically closed field of characteristics zero.

5.1 Super linear algebra and supergroups
We first of all need to investigate the category of super vector spaces and in particular the theory
of algebras in this theory. We start from the very general definition of a graded object.

Definition 5.1. Let S be a set and let C be some category. Then the category of S-graded
objects of C is defined to be the functor category CS of functors from S to C, where S is viewed
as discrete category. In particular, a S-graded object of C is a map X assigning an object Xs of C
to each element s P S, and a morphism f of S-graded objects X and Y is a family of morphisms
fs : Xs Ñ Ys.

If C is rigid, k-linear abelian and symmetric monoidal with tensor unit I, this structure can be
transported to the category of graded objects of C.

Proposition 5.2. If S is a monoid with neutral element e, then we have a tensor product in CS

given by

pX b Y qs “
à

ab“s

Xa b Yb

with unit ISe “ I and ISs “ 0 if s ‰ e making CS a monoidal category. If S is a commutative
monoid, this monoidal category is symmetric. If S is a group, then every object in CS has a left
and a right dual, and if it even is an abelian group, then those agree.

Proof. Associativity and unit constraint are directly inherited from C, as well as the corresponding
pentagon and triangle identity. If S is commutative and τ is a braiding in C, then ab “ ba for all
a, b P S and

pX b Y qs “
à

ab“s

Xa b Yb

À

τXa,Yb
ÝÝÝÝÝÝÑ

à

ba“s

Yb bXa “ pY bXqs
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is a braiding in CS . If S has inverses we can built a right dual object to X by pX_qs “ pX_s´1q

(analogously for left dual), and a given braiding in CS makes sure that left and right duals agree.

If C is abelian, CS inherits the abelian structure by setting

pX ‘ Y qs “ Xs ‘ Ys.

We are particularly interested in the case C “ Vectk and S “ Z2.

Definition 5.3 (Super vector space, part 1). A Z2-graded object of Vectk is called a super vector
space. In particular, a super vector space V is given by two finite dimensional vector spaces V0

and V1
8, which are called the even and odd component of V respectively. A morphisms of super

vector spaces V and W is simply given by two linear maps f0 : V0 ÑW0 and f1 : V1 ÑW1.

The category of super vector spaces is clearly equivalent to the category whose objects are finite
dimensional vector spaces V together with a direct sum decomposition V “ V0 ‘ V1 into two fac-
tors, and whose morphisms are linear maps preserving these decompositions. This is the version
more often encountered in the literature, and I will use this notation from now on. In this point
of view, an non-zero element v of a super vector space V is called homogeneous if it lies in either
V0 or V1, and for a homogeneous v define |v| “ 0 if v P V0 and |v| “ 1 if v P V1. It always suffices
to define morphisms of super vector spaces on homogeneous elements only.

Since Z2 is an abelian group, we have a natural tensor product making VectZ2

k into a monoidal
category, i.e. for super vector spaces V “ V0 ‘ V1 and W “W0 ‘W1,

V bW “ pV0 bW0 ‘ V1 bW1q ‘ pV0 bW1 ‘ V1 bW0q

with the brackets indicating the new decomposition. The unit object is the field k viewed as purely
even super vector space, which I will denote by k1|0. However, we choose a different braiding than
the one inherited from the trivial braiding on Vectk. In particular, we choose

τV,W : V bW ÑW b V, v b w ÞÑ p´1q|v||w|w b v (4)

for homogeneous v P V and w P W . This braiding is often called Koszul rule. The fact that
we choose a non-trivial braiding here, thus making the category of supervector spaces into a
different symmetric monoidal category, is the very foundation of super geometry in mathematics
and supersymmetry in physics.

Definition 5.4 (Super vector space, part 2). Denote by sVectk the k-linear abelian symmetric
monoidal category of super vector spaces over the field k. The dimension of a super vector space
V “ V0 ‘ V1 is defined to be dimV0|dimV1.

Of course the concept of a super vector space (and associated concepts) can be generalized to the
category of possibly infinite dimensional vector spaces. We have an important automorphism of
every super vector space V “ V0 ‘ V1 given

Π : V Ñ V, v ÞÑ p´1q|v|v

for homogeneous v P V . It is called the parity automorphism.

Just like in the non-graded case, the next logical step is to look at structures in the category of
super vector spaces. An ordinary k-algebra is a commutative monoid in the category of vector
spaces, and analogously we define

8I will write 0 and 1 here instead of the more appropriate 0̄ and 1̄.
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Definition 5.5. A (finite dimensional) superalgebra over k is a commutative monoid in the category
sVectk. In particular it is given by a super vector space A together with a multiplication

m : AbAÑ A, ab b ÞÑ a ¨ b

and a unit e : k1|0 Ñ A which are both morphisms of super vector spaces and satisfy the usual
identities. By the non-trivial braiding we always get

a ¨ b “ p´1q|a||b|b ¨ a

for homogeneous a, b P A. A morphism of superalgebras is a morphism of super vector spaces
f : AÑ B such that mB ˝ f b f “ f ˝mA and eB “ f ˝ eA.

Analogously, we can define a super cogebra to be a cocommutative comonoid in sVectk. A super
bialgebra then is a super vector space which is simultaneously a super algebra and a super cogebra
such that the comultiplication and counit are morphisms of super algebras. If we have a super
bialgebra H, an antipode S : H Ñ H which is a morphism of super bialgebras makes H into a
super Hopf algebra if the usual antipode diagram commutes (see section 2.4).
Example 5.6. Let F pX1, . . . , Xn, Y1, . . . , Ymq be the algebra of non-commuting polynomials in the
variables Xi and Yj , i.e. the free k-algebra over these symbols. Then the quotient of this algebra
by the relations

XiXi1 “ Xi1Xi, XiYj “ YjXi, YjYj1 “ ´Yj1Yj , i “ 1, . . . , n; j “ 1, . . . ,m

is a superalgebra over k; the super polynomial algebra in even variables Xi, i “ 1, . . . , n and odd
variables Yj , j “ 1, . . . ,m. In particular, if this algebra is denoted by skrX1, . . . , Xn;Y1, . . . , Yms,
we have the decomposition

skrX1, . . . , Xn;Y1, . . . , Yms0 “

#

f0 `
ÿ

I

fIYI : I “ ti1 ă ¨ ¨ ¨ ă iru, r even

+

skrX1, . . . , Xn;Y1, . . . , Yms1 “

#

ÿ

J

fJYJ : J “ tj1 ă ¨ ¨ ¨ ă jsu, s odd

+

,

with I and J understood as multi-indices and f0, fik , fjl P krX1, . . . , Xns.

Definition 5.7. Let A be a superalgebra over k. A left A-module is a super vector space M
together with a morphism ρ : A bM Ñ M of super vector spaces satisfying the usual identities.
Such a left A-module can be viewed as an A-bimodule by defining

ρpmb aq “ p´1q|m||a|ρpabmq

for a P A and m PM . A morphism of A-modules is a morphism of super vector spaces f : M Ñ N
such that f ˝ ρM “ ρN ˝ idA b f . As in the non-graded case, the category of modules over a
superalgebra is a symmetric monoidal abelian category.

We have seen in section 3.2 that an affine group is given by a functor G : Algk Ñ Set represented
by some Hopf algebra OpGq. Now that I have defined super Hopf algebras, it is natural to generalize
this concept to that of an affine supergroup.

Definition 5.8 (Affine supergroup). An affine supergroup is a group object in the category of rep-
resentable functors from sAlgk to Set. Equivalently, such a representable functor is a supergroup
if and only if its representing object is a super Hopf algebra.

One of the easiest examples is the super general linear group, which is the automorphism group of
a super vector space kn|m :“ kn ‘ km.
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Example 5.9. For n,m P N0, let GLn,m be the functor from sAlgk to Set

R0 ‘R1 ù

"ˆ

A B
C D

˙

: A P GLnpR0q, B P Matn,mpR1q, C P Matm,npR1q, D P GLmpR0q

*

.

It is represented by the superalgebra obtained by quotienting skrX11, X12, . . . , Xm`nm`n, Y, Zs in
even symbols Y, Z,Xij , 1 ď i, j ď n or n` 1 ď i, j ď n`m and odd symbols Xij for all other i, j
by the relations

Y ¨ detpXijq1ďi,jďn “ 1

Z ¨ detpXijqn`1ďi,jďn`m “ 1.

More general, for a super vector space V , let EndpV q be the functor from superalgebras to sets
sending a superalgebra R to EndRModpV bRq. This enables us to define a representation theory
for affine supergroups.

Definition 5.10. Let G be an affine supergroup and let p P Gpk1|0q be an element of order
two such that the inner automorphism of G induces by p is the parity automorphism. A linear
p-representation of G on a super vector space V is a natural transformation

r : GÑ EndpV q

of monoid valued functors such that rkppq : V Ñ V is the parity automorphism Π of V . Denote
the category of linear p-representation of G by ReppG, pq.

Remark 5.11. One can translate the conditions imposed on p into the language of Hopf algebras.
Recall that if OpGq is the super Hopf algebra representing G, the multiplication in G translates
to the multiplication f ¨ g “ rf, gs ˝∆ on HomsAlgkpOpGq, Rq. Thus, if ∆phq “ hp1q b hp2q, then
p2 “ e if and only if the map OpGq Ñ k, h ÞÑ pphp1qqpphp2qq is the counit ε. Furthermore, the
inner automorphism GÑ G, g ÞÑ pgp´1 is the parity automorphism of G if and only if the map

OpGq Ñ OpGq, h ÞÑ pphp1qqhp2qppSphp3qqq

is the parity automorphism on OpGq, where h ÞÑ hp1q b hp2q b hp3q is the two times iterated
comultiplication and S the antipode.

Remark 5.12. If OpGq is purely even, that is, G is an ordinary affine group viewed as an affine super
group, then p is central and ReppG, pq can be identified as a monoidal category with ReppGq, but
with a different braiding: For each representation pV, rq of G as an ordinary group, rkppq defines
a Z2-grading on V by its plus and minus one eigenspaces and the new braiding on ReppGq is
given by the corresponding Koszul rule. In the physics literature, an ordinary group together with
a fixed element of the center is often already called a supergroup, because on can then consider
"super representation" of this group (see section 6.3).

5.2 Super Tannakian formalism
In the remainder of this section we will always work with certain categories called tensor categories.
They are designed to model Tannakian categories leaving out the requirement of a fiber functor.

Definition 5.13 (Tensor category). A category A is called a tensor category over k if it is essen-
tially small, abelian k-linear, symmetric monoidal with the tensor product being bilinear and exact
in each variable, rigid, and satisfies and EndApIq “ k. A fiber functor between tensor categories
is a faithful k-linear exact strong monoidal functor.
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In section 4.3 I showed that having a fiber functor into the category of vector spaces suffices for
a tensor category to be of the form ReppGq for some affine group G. There is a canonical way
to generalize this theorem to fiber functors into the category of super vector spaces, and I will
briefly state the corresponding results, which can all be found in section 8 of Deligne’s "Catégories
tannakiennes" [Del90]. A super fiber functor is a fiber functor into the category of super vector
spaces.

Definition 5.14. LetA be a tensor category and ω a super fiber functor overA. For a superalgebra
A, let ωA be the functor

AÑ AMod, X ù Ab ωpXq.

The automorphism supergroup of ω is the functor

Autbpωq : sAlgk Ñ Set, A ù AutbpωAq.

This is indeed an affine supergroup [Del90, 8.11].

Definition 5.15. Let A be a tensor category and idA be its identity functor regarded as a fiber
functor from A to itself. The automorphism supergroup

πpAq :“ AutbpidAq

is called the fundamental group of A.

For the category of super vector spaces we get πpsVectkq “ Z2 [Del90, 8.14], and the non-trivial el-
ement acts as the parity automorphism on super vector spaces. Functors between tensor categories
preserve the structure of the fundamental group:

Proposition 5.16. Let A1 and A2 be tensor categories, and η : A1 Ñ A2 be a k-linear exact
strong monoidal functor. Then we have a canonical group homomorphism [Del90, 8.15]

η̃ : πpA2q Ñ ηpπpA1qq.

The reconstruction theorem for affine supergroups now states [Del90, 8.17 and 8.19]

Theorem 5.17 (Recognition theorem for affine supergroups). Let A be a tensor category and
ω : AÑ sVectk be super fiber functor. Then we have an equivalence of tensor categories

A » ReppωpπpAqq, ω̃q

where ω̃ is obtained from ω by proposition 5.16.

Remark 5.18. Note that a group homomorphism Z2 Ñ ωpπpA1qq is equivalent to the choice of an
element p P ωpπpAqq of order two as in definition 5.10, namely the image of the non-trivial element.

Deligne’s theorem on tensor categories. In the remainder of this section I will prove Deligne’s
theorem on tensor categories, which gives a criterion as to when a tensor category admits a super
fiber functor, and therefore is of the form ReppG, pq for some affine supergroup G.

Definition 5.19 (Subexponential growth). An objectX of a tensor category A is of subexponential
growth if all its tensor powers are of finite length, and for all N P N there is a n P N such that

lengthpXbnq ď Nn.

A category A is of subexponential growth if all its objects are.
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Theorem 5.20 (Deligne’s theorem on tensor categories). A k-tensor category is of the form
ReppG, pq for some affine supergroup G if and only if it is of subexponential growth.

In one direction this theorem is trivial, since the length of a super vector space of dimension p|q is
p` q, and in particular

lengthpXbnq “ pp` qqn.

For the other direction I will closely follow Deligne’s proof given in "Catégories Tensorielles" [Del02],
only filling in details that were left out in the original exposition.

5.3 Some representation theory
I will briefly recall the necessary constructions from classical representation theory needed for the
proof of Deligne’s theorem.

Representations of the symmetric group. Let n be a natural number. A partition of n is a
tuple λ “ pλ1, . . . , λkq of natural numbers such that λ1 ě λ2 ě ¨ ¨ ¨ ě λk and

řk
i“1 λi “ n. In this

case we call n the order of the partition λ and write |λ| “ n. To a partition λ we can assign a so
called Young diagram rλs consisting of λi boxes in the ith row which are aligned on the left. For
example, if n “ 11 and λ “ p5, 4, 1, 1q, we have the following Young diagram:

I will sometimes use integer coordinates pa, bq to describe the box at the given position in a Young
diagram; starting with p1, 1q at the top left corner. The conjugate partition λt of a partition λ is
defined by interchanging rows and columns in the Young diagram of λ, i.e. the Young diagram of
λt is the one of λ reflected at the diagonal. For the example above, λt “ p4, 2, 2, 2, 1q. For two
partitions µ “ pµ1, . . . , µrq and λ “ pλ1, . . . , λsq we say that rµs Ă rλs if r ď s and µi ď λi for all
i ď r. A Young tableau is obtained from a Young diagram by numbering the boxes of the diagram.
In our example, the canonical Young tableau is

1 2 3 4 5

6 7 8 9

10

11

We have an action of the symmetric group Sn on a Young tableau of order n by exchanging the
boxes according to the permutation of their numbers. For a given partition λ of n and a numbering
of rλs, we define two subgroups of Sn by

Pλ :“ tσ P Sn : σ preserves each row of rλsu,
Qλ :“ tσ P Sn : σ preserves each column of rλsu

The Young symmetrizer pλ is defined to be the product of the two projection operators belonging
to Pλ and Qλ. In particular, if krSns denotes the group algebra of the symmetric group,

pλ :“

˜

ÿ

σPPλ

σ

¸

¨

˜

ÿ

σPQλ

sgnpσqσ

¸

P krSns.
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Using this construction, we can classify all irreducible representations of the symmetric group. The
following two results can be found in [FH04].

Theorem 5.21. For a partition λ of n, denote by Vλ the left ideal of the group algebra krSns

generated by the Young symmetrizer pλ. Then Vλ is an irreducible representation of Sn and every
irreducible representation of the symmetric group arises this way for a unique partition λ.

Proposition 5.22. Let sgn be the alternating representation of the symmetric group, i.e. sgn :
Sn Ñ k, σ ÞÑ sgnpσq. Then for every partition λ we have

Vλt “ Vλ b sgn.

Now let n1, . . . , nr be natural numbers summing to n. We can embed the product
śr
i“1 Sni into

Sn by identifying t1, . . . , nu with a disjoint union of the t1, . . . , niu9. If µi is a partition of ni for
all i “ 1, . . . , r, then the tensor product

Âr
i“1 Vµi is an irreducible representation of

śr
i“1 Sni . If

λ is a partition of n, denote by

rλ : µ1, . . . , µrs

the multiplicity of Vλ in the representation of Sn induced by this tensor product. These multiplic-
ities are given by the so called Littlewood-Richardson rule, which says the following (see [FH04]).

Construction 5.23. Let µ, ν be partitions of a and b respectively, and let a ` b “ n. If ν “
pν1, . . . , νkq, a ν-extension of rµs is obtained in the following way. First, add ν1 boxes to the Young
diagram rµs in such a way that there are never two new boxes in the same column. Then, put the
integer 1 in each of the new boxes. Now, add ν2 boxes to this diagram in the same manner, and
put the integer 2 in them. Repeat the process with each i “ 1, . . . , k. Such a ν-extension is called
strict if, when the integers in the boxes are listed from right to left and top to bottom, and one
considers the first d entries in this list (for any 1 ď d ď

ř

i νk), each integer between 1 and k ´ 1
occurs at least as many times as its successor.
If λ is a partition of n, the Littlewood-Richardson rule states that the multiplicity rλ : µ, νs of Vλ
in the induces representation of Sn on VµbVν is given by the number of strict ν-extensions of rµs
to rλs.

By transitivity, in the general case we get

rλ : µ1, . . . , µrs “
ÿ

ν1,...,νr´2

rλ : ν1, µrsrν1 : ν2, µr´1s . . . rνr´3 : νr´2, µ3srνr´2 : µ1, µ2s. (5)

Lemma 5.24. (a) For two partitions µ and λ with |µ| ď |λ| the following are equivalent.

(i) rµs Ă rλs

(ii) There exists a partition ν of p|λ| ´ |µ|q such that rλ : µ, νs ‰ 0

(iii) rλ : µ, p1q, . . . , p1q
looooomooooon

p|λ|´|µ|q times

s ‰ 0

(b) Fix a natural number r and a partition λ of n. Then there exist natural numbers n1, . . . , nr
summing to n such that rλ : pn1q, . . . , pnrqs ‰ 0 if and only if rλs has at most r rows.

(c) Fix two natural numbers r, s and a partition λ of n. There exist natural numbers n1, . . . , nr
and m1, . . . ,ms summing to n such that rλ : pn1q, . . . , pnrq, pm1q

t, . . . , pmsq
ts ‰ 0 if and only

if rλs has no box at the place pr ` 1, s` 1q.
9Specifically, there is an obvious bijection from the set of the first n natural numbers to t1, . . . , n1, n1`1, . . . , n1`

n2, . . . ,
ř

i niu
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Proof. "(a)" As an immediate consequence of the Littlewood-Richardson rule, if |λ| “ |µ|`1 then
rλ : µ, p1qs is equal to one if rµs Ă rλs and zero else. Expanding rλ : µ, p1q, . . . , p1qs by
equation (5), we see that

rλ : µ, p1q, . . . , p1qs “
ÿ

ν1,...,νk´1

rλ : ν1, p1qsrν1 : ν2, p1qs . . . rνk´1 : µ, p1qs,

where k “ |λ| ´ |µ|. Now all the factors on the right hand side define an inclusion relation
between the involved diagrams. By transitivity of inclusion of Young diagrams, this shows
that piq and piiiq are equivalent. The equivalence of piiq can then simply be seen from the
fact that the multiplicities rλ : µ1, . . . , µrs are invariant under permutations of the µi.

"(b)" In an extension of rλs by rµs, one may add at most one box per column of rλs for every row of
rµs. Therefore, per row of rµs, one may increase the number of rows of rλs by a maximum of
one. By this reasoning, every direct factor of the induced representation of Vpn1qb¨ ¨ ¨bVpnrq
can have at most r rows.

"(c)" This follows analogously to pbq and can be showed by induction over r and s.

The Schur functor. For a finite dimensional vector space V , the general linear group GLpV q
acts on the tensor powers of the vector space V bn. We also have a canonical (right) action of the
symmetric group on these tensor powers by permuting of the factors, i.e.

pv1 b ¨ ¨ ¨ b vnq.σ “ vσp1q b ¨ ¨ ¨ b vσpnq

for vi P V and σ P Sn. This right action commutes with the left action of GLpV q. We can thus
make the following definition.

Definition 5.25 (Schur functor for vector spaces). Let λ be a partition of n, and let pλ be the
Young symmetrizer corresponding to λ. For a vector space V , define the Schur functor Sλ by

V ù SλpV q :“ imppλ : V bn Ñ V bnq.

For every vector space V , this is a representation of GLpV q.

Since as krSns-modules we trivially have V bn “ krSns bkrSns V
bn, we can also write

SλpV q “ pλV
bn “ pλ

`

krSns bkrSns V
bn

˘

“ pλkrSns bkrSns V
bn

“ Vλ bkrSns V
bn » V _λ bkrSns V

bn

“ HomSnpVλ, V
bnq.

Since the representations Vλ of Sn are self-dual [Jam78], a Schur functor of the dual of a vector
space is the dual representation of the Schur functor of the original vector space. The following
result shows the importance of these Schur functors (see [FH04]).

Theorem 5.26. For each partition λ and finite dimensional vector space V , the image of the
Schur functor SλpV q is an irreducible representation of the general linear group GLpV q. Further,
we have

V bn “
à

λ

Vλ b SλpV q,

where the direct sum ranges over all partition of n. This relation is called Schur-Weyl duality.
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I will state some results concerning the behavior of the Schur functor under tensor products and
direct sums, partly without proof. They can all be found in [FH04].

Proposition 5.27. Let V and W be finite dimensional vector spaces over k.

(a) For partitions µ of k and ν of l we have

SµpV q b SνpV q “
à

|λ|“k`l

SλpV q
‘rλ:µ,νs.

(b) For a partition λ of n we have

SλpV ‘W q “
à

|µ|`|ν|“n

pSµpV q b SνpW qq
‘rλ:µ,νs

.

(c) For a partition λ of n we have

SλpV bW q “
à

|µ|“|ν|“n

pSµpV q b SνpW qq
‘rVλ:VµbVν s ,

with rVλ : Vµ b Vνs the multiplicity of Vλ in the tensor product of Vµ and Vν .

Corollary 5.28. If SµpV q “ 0 for some vector space V , then also SλpV q “ 0 for all partitions λ
with rµs Ă rλs.

Proof. By part (a) of lemma 5.24 there is a partition ν of p|λ| ´ |µ|q such that rλ : µ, νs ‰ 0. But
then SλpV q

‘rλ:µ,νs is a direct factor of SµpV q b SνpV q “ 0 by the above proposition, and thus
SλpV q must be zero.

Generalized Schur functors. Let A be a k-linear abelian symmetric monoidal category with
bilinear and biexact tensor product. We can define an operation between vector spaces and objects
of this category by a generalization of the tensor-hom adjunction.

Definition 5.29. Let V be a finite dimensional vector space and let X be an object of the category
A as above. Define V bX to be the object of A satisfying

HomApV bX,Y q “ HomVectkpV,HomApX,Y qq for all objectsY ofA.

Also define HompV,Xq :“ V _ bX. If we choose a basis teiuiPI of V , then V bX is isomorphic to
À

I X.

There is an action of the symmetric group Sn on objects Xbn of A provided by the braiding.
Since every finite dimensional vector space over k can be build (up to isomorphism) out of copies
of k, there is only one symmetric monoidal linear functor from Vectk to A, and it sends k to the
tensor unit I of A. The group algebra of the symmetric group is a monoid in Vectk, and it thus is
sent to a monoid in A (see proposition 2.23), which I will also denote by krSns. We can now define
the following: For a partition λ of n, we have a generalized Schur functor that sends an objects X
of A to

SλpXq “ HomSnpVλ, X
bnq » Vλ bkrSns X

bn.

The results of proposition 5.27 and 5.28 also hold mutatis mutandis for this generalized Schur
functor. If in particular we take A “ sVectk, this yields the following.

Proposition 5.30. If X is a finite dimensional super vector space of super dimension p|q, then
SλpXq ‰ 0 if and only if rλs has no box at position pp` 1, q ` 1q.
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Proof. If Y is a purely odd super vector space with underlying vector space |Y |, then the underlying
vector space of Y bn is |Y |bn and the action of σ P Sn on |Y bn| is sgnpσq times its natural action
on |Y |bn. Recall from proposition 5.22 that for a partition ν of n we have Vνt “ sgn b Vν , and
therefore

|SνpY q| “ |Vν bkrSns Y
bn| “ Vνt bkrSns |Y |

bn “ Sνtp|Y |q.

Now for a general super vector space X “ X0 ‘X1, proposition 5.27 yields

|SλpXq| “ |SλpX0 ‘X1q| “

ˇ

ˇ

ˇ

ˇ

ˇ

à

|µ|`|ν|“|λ|

pSµpX0q b SνpX1qq
‘rλ:µ,νs

ˇ

ˇ

ˇ

ˇ

ˇ

“
à

|µ|`|ν|“|λ|

pSµp|X0|q b Sνtp|X1|qq
‘rλ:µ,νs

For any finite dimensional vector space V of dimension n we have Sp1,...,1qV “ ΛmV “ 0 for all
m ą n, and therefore by corollary 5.28 also SλV “ 0 if rλs has more than n rows. Concludingly,
for SλpXq ‰ 0 it is necessary and sufficient that there are partitions µ and ν with orders summing
to the order of λ such that rµs has at most p rows, rνs has at most q columns, and rλ : µ, νs ‰ 0.
Using lemma 5.24(c), this is equivalent to rλs having no box at position pp` 1, q ` 1q.

Corollary 5.31. Let p, q, r, s ě 0 and λ, µ, ν be partitions such that |λ| “ |µ| ` |ν|. If pp ` r `
1, q ` s` 1q P rλs and rλ : µ, νs ‰ 0, then pp` 1, q ` 1q P rµs or pr ` 1, s` 1q P rνs.

Proof. Let X be a super vector space of dimension p|q and Y a super vector space of dimension
r|s. By proposition 5.30, we must then have SλpX ‘ Y q “ 0, and then proposition 5.27 gives

0 “ SλpX ‘ Y q “
à

|µ|`|ν|“|λ|

pSµpXq b SνpY qq
‘rλ:µ,νs

,

so we must have SµpXq “ 0 or SνpY q “ 0 for our specific µ and ν. Again applying proposition
5.30 we see that this entails pp` 1, q ` 1q P rµs or pr ` 1, s` 1q P rνs.

Corollary 5.32. Let p, q, r, s ě 0 and λ, µ, ν be partitions of n. If ppq ` rs` 1, ps` qr ` 1q P rλs
and rVλ : Vµ b Vνs ‰ 0, then pp` 1, q ` 1q P rµs or pr ` 1, s` 1q P rνs.

This follows analogously to the previous corollary by using the tensor product instead of the direct
sum.

5.4 Commutative algebra in tensor categories
Let IndpAq be the category of ind-objects of a tensor category A defined in section 2.5. The
structure in this category suffices to define an internal commutative algebra theory.

Definition 5.33. An algebra in A is an object A of IndpAq together with a multiplication m :
A b A Ñ A and a unit e : I Ñ A such that m is associative and commutative, and e is indeed a
unit. A morphism of algebras in A is an arrow f : AÑ B in IndpAq such that f ˝mA “ mB˝pfbfq
and f ˝ eA “ eB . Denote the category of algebras in A by AlgA.

Remark 5.34. An algebra in A is simply a commutative monoid object in the monoidal category
IndpAq. The term "algebra" is chosen instead because this highlights the purpose of the construc-
tion. In particular, tensor categories closely resemble the category of vector spaces, and in this
category we also call a commutative monoid "algebra".
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Definition 5.35. If A is an algebra in A, a left A-module is an object M in IndpAq together with
an action morphism ρ : AbM ÑM such that ρ˝peb idM q “ idM and ρ˝pmb idM q “ ρ˝pidAbρq.
A morphism of A-modules is an arrow ϕ : M Ñ N such that ϕ˝ρM “ ρN ˝pidAbϕq. The braiding
in A can be used to view a left A-module as right A-module and vice versa, and I will always view
A-modules as bimodules in this way.

Proposition 5.36. For an algebra A in A, the category AMod of A-modules is abelian k-linear.

Proof. The k-linearity follows from the fact that the hom-sets of AMod are subsets of the hom-sets
of IndpAq which are closed under scalar multiplication and addition. Now note that the zero object
of IndpAq is an A-module with the trivial action, and thus also is a zero object in the category
AMod. Further, if pM,ρM q and pN, ρN q are two A-modules, then the biproduct M ‘N of M and
N in IndpAq is again an A-module with action given by

Ab pM ‘Nq » AbM ‘AbN
ρM‘ρN
ÝÝÝÝÝÑM ‘N,

and this is a biproduct of pM,ρM q and pN, ρN q in AMod. Now suppose f : pM,ρM q Ñ pN, ρN q is
a morphisms of A-modules. Then because IndpAq is abelian, the underlying morphism f : M Ñ N
has a kernel kerpfq and cokernel cokerpfq, and the two following diagrams show how these have a
canonical structure of A-modules.

kerpfq M N AbM AbN Ab cokerpfq

Ab kerpfq AbM AbN M N cokerpfq

f idAbf

ρM ρN
b˝ρN

ρcokerpfq

a

ρkerpfq ρM˝a

idAbf

ρM ρN

f b

Note that I used the exactness of the tensor product to write Abcokerpfq » cokerpidAbfq. These
A-module structures make kerpfq and cokerpfq the kernel and cokernel of f in AMod respectively.
It remains to show that every monic morphisms in AMod is a kernel and every epimorphism a
cokernel. To this end, note that a morphism in an additive category is monoic if and only if its
kernel is zero, and epic if and only if its cokernel is zero. Now if we have a monomorphism f in
AMod, then it must have a zero kernel, and since the underlying object of this kernel is the kernel
in IndpAq by construction, f must also have zero kernel there. Now IndpAq is abelian, so f must
be a kernel there. Then by the construction of kernels in AMod it is clear that f must also be a
kernel in AMod. One can make an analogous argumentation for epimorphisms.

If A is an algebra in A, we can define the notion of a tensor product of modules over A. If M and
N are A-modules define the underlying object of M bA N to be the coequalizer

M bAbN Ý
Ý
Ý
Ý
Ñ
ÑM bN ÝÝ�M bA N

where the two parallel arrows are given by the module action of A on M and N respectively. The
morphism A bM b A b N Ñ M b A b N which is action of A on M descends to a morphism
AbM bA bN ÑM bA N , giving an A-module structure on M bA N .

Proposition 5.37. This tensor product makes the category AMod of A-modules into a symmetric
monoidal category with unit given by IA “ A as an A-module with action given by the multiplication.

The proof of this statement is straight forward and can be found in [Mar09, prop. 1.2.15]. An
A-module M is called flat if the functor N ù N bAM is exact. For any object X of IndpAq we
can define a free A-module AbX with action

AbAbX
mbidX
ÝÝÝÝÝÑ AbX,

and free modules are always flat since M bA pAbXq » AbX, and the tensor product in IndpAq
is exact.
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Lemma 5.38. Every A-module is a quotient of a flat A-module.

Proof. Let M be an A-module. Then one can view A bM as a free A-module, and in this case
ρ : AbM ÑM is a morphism of A-modules. By the unit axiom, we have ρ ˝ peb idM q “ idM , so
ρ is split epic and in particular, M is a quotient of AbM . Since free modules are flat, this proves
the claim.

Another important class of flat modules are the ones that admit a dual.

Proposition 5.39. In a symmetric monoidal category with dualizable object X, the functor ´bX
preserves all limits and colimits. In particular, it is exact and thus X is flat.

Proof. In this case the functor ´bX is both left- and right-adjoint to the functor ´bX_. Since
right-adjoint functors preserve limits and left-adjoint functors preserve colimits [ML78], this shows
that ´bX preserves all limits and colimits.

Corollary 5.40. Every dualizable modulue over some algebra A in A is flat.

Definition 5.41. Let A be an algebra in A. An A-algebra B is an algebra in A together with a
morphism of algebras f : AÑ B. Denote the category of A-algebras by AlgA.

We can define extension and restriction of scalars functors in this setting. If B is an A-algebra and
M a B-module, the morphism

ρM ˝ pf b idM q : AbM Ñ B bM ÑM

makes M into an A-module, which I will denote by M |A (restriction of scalars). In turn, we
can send an A-module M to the free B-module B bA M “: MB (extension of scalars), and this
operation is left adjoint to the restriction of scalars. In particular, for M an A-module and N a
B-module, the adjunction isomorphism HomBModpMB , Nq

»
ÝÑ HomAModpM,N |Aq and its inverse

are given by

pu : MB Ñ Nq ÞÑ pM » AbAM
fbidM
ÝÝÝÝÑ B bAM

u
ÝÑ Nq, (6)

pv : M Ñ Nq ÞÑ pMB “ B bAM
idBbv
ÝÝÝÝÑ B bA N » Nq. (7)

Note that "extension of scalars" is a strong monoidal functor:

pM bAM
1qB “ B bA pM bAM

1q » pB bB Bq bA pM bAM
1q

» pB bAMq bB pB bAM
1q “MB bB M

1
B

and AB “ B bA A » B.

This adjunction gives rise to an alternative way to view the category IndpAq. The isomorphism
I b I

»
ÝÑ I makes I into an algebra with the identity as the unit, and every object X of IndpAq

admits a unique module structure over this algebra given by the isomorphism I bX
»
ÝÑ X. Every

morphism in IndpAq is automatically a morphism of I-modules, and thus we have an equivalence

IndpAq » IMod.

If A is an algebra in A, the unit diagram shows that e : I Ñ A is indeed a morphism of algebras,
i.e. the diagram

I b I AbA

I A

ebe

» m

e
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commutes. Since I is a simple object of IndpAq [EGNO15, Thm. 4.3.8], this morphism must have
a trivial kernel or be the zero morphism, and in the later case we have A “ 0. Using this, every
algebra can be seen as an I-algebra, and the extension of scalars functor IMod Ñ AMod is the
exact functor M ÞÑ AbM .

The symmetric algebra. We can define the categorical analog to the symmetric algebra of a
vector space. Let X be an object in IndpAq. In the last section we have seen how the symmetric
group acts on the tensor powers of such an object.

Definition 5.42 (Symmetric power). The symmetric n-power of X is the cokernel

Xbn
1
n!

ř

σPSn
σ

ÝÝÝÝÝÝÝÑ Xbn ÝÝ� SymnX.

If f : X Ñ Y is a morphism in IndpAq, by the universal property of the cokernel we have an unique
morphism fn : Symn

pXq Ñ Symn
pY q making the following diagram commute.

Xbn Xbn SymnX

Y bn Y bn SymnY

1
n!

ř

σPSn
σ

fbn fbn

a˝fbn
fn

1
n!

ř

σPSn
σ

a

In this way, Symn becomes an endofunctor IndpAq Ñ IndpAq.

The interaction between different symmetric powers is very similar to the vector space case. In
particular [Bra14, Prop. 4.4.4],

Proposition 5.43. The tensor multiplication Xbp bXbq Ñ Xbpp`qq lifts to an epimorphism

SympX b SymqX Ñ Symp`qX.

The induced morphism
à

p`q“n

SympX b SymqY Ñ Symn
pX ‘ Y q

is an isomorphism.

The symmetric powers assemble into an algebra in A. Note that Sym0X “ I for all objects X.

Definition 5.44 (Symmetric algebra). For X an object in IndpAq, define the symmetric algebra
over X as

SympXq :“
à

nPZě0

SymnX.

With unit I “ Sym0X ãÑ SymX and multiplication induced by the morphisms SympXbSymqX Ñ

Sympp`qqX of proposition 5.43, this is indeed an algebra in A, which is immediately clear since the
multiplication morphisms inherit commutativity and associativity from the tensor multiplication.
We can view Sym as a functor IndpAq Ñ AlgA.

The role of this functor is to provide a universal algebra over every object of IndpAq. To make this
more precise,

Proposition 5.45. The functor Sym : IndpAq Ñ AlgA is left-adjoint to the forgetful functor
U : AlgA Ñ IndpAq.
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Proof. Let A be some algebra in A, and f : X Ñ A a morphism in IndpAq. For any n ą 0 the
multiplication m : AbAÑ A induces a morphism Abn Ñ A, and for n “ 0 the unit is a morphism
I “ Ab0 Ñ A. Commutativity of the multiplication in A ensures that these morphisms lift to
morphisms SymnAÑ A, and then using f we get morphisms

SymnX
fn

ÝÝÑ SymnAÑ A,

and hence a morphism f̃ : SymX Ñ A. By construction, this is the unique morphism of algebras

such that pX “ Sym1X ãÑ SymX f̃
ÝÑ Aq “ f .

We can repeat the whole construction for the category of modules over some algebra pA, e,mq in
A. For M an A-module, define the symmetric n-power over A as the cokernel

MbAn
1
n!

ř

σPSn
σ

ÝÝÝÝÝÝÝÑMbAn ÝÝ� Symn
AM.

This symmetric power over an algebra preserves free modules, i.e. Symn
ApAbXq » AbSymn

pXq.
Therefore, the symmetric power of an A-module pM,ρq is again an A-module with action ρn.
Again, these symmetric powers assemble into an algebra, the symmetric A-algebra of M ,

SympMq :“
à

nPZě0

Symn
AM

with unit I e
ÝÑ A “ Sym0

AM ãÑ SymAM and A “ Sym1
A ãÑ SymAM . As before, the functor SymA

is left-adjoint to the forgetful functor U : AlgA ÑModA.

Proposition 5.46. The symmetric powers preserve flatness, i.e. if M is a flat A-module, then
Symn

ApMq also is a flat A-module for all n.

Proof. As a left-adjoint, the symmetric algebra functor preserves colimits, and since it is the direct
sum over the tensor powers, these must preserve colimits too. Further, we have already seen that
the symmetric powers preserve freeness, and thus by Lazard’s Theorem [Lur17, Thm. 7.2.2.15]
they also preserve flatness.

The exterior algebra. Analogously to the symmetric powers, we also have exterior n-powers
ΛnX of an object X of IndpAq given as the cokernel

Xbn
1
n!

ř

σPSn
sgnpσqσ

ÝÝÝÝÝÝÝÝÝÝÝÑ Xbn ÝÝ� ΛnX

This can be made into an endofunctor of IndpAq in the same way as the symmetric algebra, and
proposition 5.43 holds when exchanging all symmetric powers by exterior powers [Bra14, Prop.
4.4.4]. These exterior powers can also be assembled into an algebra.

Definition 5.47. The exterior algebra of an object X in IndpAq is given by

ΛpXq “
à

nPZě0

ΛnX.

Its unit is given by the fact that Λ0X “ I, and its multiplication is induced by the tensor multi-
plication Xp bXq Ñ Xp`q. Note however that this "algebra" is non-commutative, and thus not
formally an algebra by our definition.

We also have exterior powers and an exterior algebra in the category of modules over some algebra
A in A just as in the symmetric case.
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5.5 Proof of Deligne’s theorem
To prove that every tensor category of subexponential growth admits a super fiber functor, we first
need to translate the condition of subexponential growth into something more easy to handle. To
this end, note

Proposition 5.48. For an object X of a tensor category A the following are equivalent
(i) There is a Schur functor annihilating X, i.e. there is a partition λ such that SλpXq “ 0.
(ii) X is of subexponential growth (see definition 5.19).

It is easy to show that condition piiq implies condition piq. Suppose that for an object X all
Schur functors are non-zero, so in particular dimSλpXq ą 0 for all partitions λ. Then by Xbn »
À

λ Vλ b SλpXq (see theorem 5.26) and the properties of the dimension we have

lengthpXbnq ě
ÿ

|λ|“n

dimVλ ě

¨

˝

ÿ

|λ|“n

pdimVλq
2

˛

‚

1
2

“ pn!q
1
2 ,

since for a finite group G, every irreducible representation V appears in the regular representation
dimV times [FH04]. But pn!q1{2 grows faster than any power, and thus X cannot be of subexpo-
nential growth.

The other direction will follow from Deligne’s theorem, and I will state the proof later in the
section.

Proposition 5.49. The collection of objects of a tensor category satisfying the conditions of propo-
sition 5.48 is stable under direct sums, tensor products, duals, extensions10 and subquotients.

I will split the proof of proposition 5.49 into two lemmas. Let A be a k-linear abelian symmetric
monoidal category with bilinear and exact tensor product.

Lemma 5.50. The objects of A annihilated by at least one Schur functor is stable under direct
sums and tensor products.

Proof. Suppose SµpXq “ SνpY q “ 0 and let p, q, r, s ě 0 be integers such that pp` 1, q ` 1q P rµ1s
implies rµs Ă rµ1s and pr ` 1, s ` 1q P rν1s implies rνs Ă rν1s. If λ is a partition satisfying
pp` r ` 1, q ` s` 1q P rλs, we have by 5.27

SλpX ‘ Y q “
à

|µ1|`|ν1|“|λ|

pSµ1pXq b Sν1pY qq
‘rλ:µ1,ν1s

,

and if for some µ1, ν1 we have rλ : µ1, ν1s ‰ 0, corollary 5.31 implies that pp ` 1, q ` 1q P rµ1s or
pr ` 1, s ` 1q P rν1s. By assumption, this yields rµs Ă rµ1s or rνs Ă rν1s, and by corollary 5.28 we
get SµpXq “ 0 or SνpY q “ 0. This shows stability under direct sums. For the tensor product,
choose ppr ` qs` 1, ps` qr ` 1q P rλs and proceed analogously.

Lemma 5.51. All objects of A annihilated by at least one Schur functor are of finite length, and
the family of those objects is stable under subquotients and extensions.

Proof. If Y is a subobject of X, then by exactness Y bn is a subobject of Xbn, and thus

HompVλ, Y bnq ãÑ HompVλ, Xbnq

is an inclusion of a subobject. The functor "invariant under the action of Sn" is exact: If krSns

again denotes the group algebra, this functor is the same as HomkrSnsModpI,´q, where I is

10An extension of an object X by another object X 1 is a short exact sequence 0 Ñ X 1 Ñ X2 Ñ X Ñ 0.
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equipped with the trivial action. But this is clearly exact, since I is a direct factor of the free
module krSns and thus projective. Therefore SλpY q is a subobject of SλpXq. Dualy the same
argumentation shows that if Z is a quotient object of X, then SλpZq is a quotient of SλpXq, thus
proving stability under subquotients.
Now let X be an extension of X 1 by X2, i.e. we have a short exact sequence

0 Ñ X2 Ñ X Ñ X 1 Ñ 0.

Then we obtain a filtration X Ą X2 Ą 0 of X with associated grading X 1 ‘ X2, and by the
exactness of the tensor product we also get a filtration

Xbn Ą X2 bXbpn´1q Ą ¨ ¨ ¨ Ą pX2qbn Ą 0

of Xbn with associated grading pX 1 ‘ X2qbn for all n P N. As this filtration is Sn-equivariant,
this in turn yields a filtration of SλpXq with associated grading SλpX 1 ‘X2q for every partition
λ of n, showing that stability under extension follows directly from stability under direct sums.
We can repeat this procedure with any finite filtration F or X, obtaining a filtration of SλpXq
with associated grading SλpgrF pXqq where grF pXq is the grading of F . Now by rigidity, the tensor
product of two non-zero objects is non-zero, and therefore if griF pXq ‰ 0 for i “ 1, . . . , n, then
SλpgrF pXqq contains their tensor product which is non-zero, and hence SλpXq ‰ 0. This shows
that SxpXq “ 0 must entail that lengthpXq ă n.

Proof of proposition 5.49. The stability under taking duals follows directly from the fact that the
Schur functor of a dual object is the dual object of the Schur functor of the original object, since
this implies that SλpXq “ 0 entails SλpX_q “ 0. The proposition now follows directly from lemma
5.50 and 5.51.

If A is a tensor category with subexponential growth, in particular all its objects are of finite
length, and we can use the following property simplifying the handling of the hom-spaces.

Proposition 5.52. If all objects of a tensor category A are of finite length, then all its hom-spaces
are finite dimensional.

Proof. We have an internal hom given by rX,Y s “ Y bX_, so in particular we have the tensor-hom
adjunction

HomApZ, rX,Y sq » HomApZ bX,Y q

for some objects X,Y, Z of A. In particular, choosing Z “ I, we see that HomApX,Y q “
HomApI, rX,Y sq, and thus

HomApI
‘n, rX,Y sq “

n
à

i“1

HomApI, rX,Y sq “ HomApX,Y q
‘n.

This shows that a morphism f : I‘n Ñ rX,Y s is given by n morphisms fi : X Ñ Y , and since
I is simple, the kernel of a morphism I Ñ rX,Y s is either zero or I, so f is a monomorphism if
and only if all the fi are linearly independent. Now since rX,Y s has finite length, it can only have
finitely many factors of I, and so there is a maximal such n, showing that HomApX,Y q is finite
dimensional.

We can now start the actual proof of Deligne’s theorem 5.20. For the rest of this section, let A
denote a tensor category of subexponential growth; so in particular all its objects are of finite
length and for every object there is a Schur functor annihilating it. The first step is to find a more
general fiber functor.
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Definition 5.53. Let R be a (possibly infinite-dimensional) k-superalgebra. An R-fiber functor
is a fiber functor from A into the category of R-modules.

The key result for the proof of theorem 5.20 is the following lemma.

Lemma 5.54. Let M be a dualizable module over a non-zero algebra A in A. There exists a non-
zero A-algebra B such that the B-module IB is a direct factor of MB if and only if Symn

ApMq ‰ 0
for all n.

Proof. For an A-algebra B, denote by FactpBq the collection of pairs of morphisms of B-modules
pα : IB Ñ MB , β : MB Ñ IBq such that β ˝ α “ idIB . Note that such α and β are exactly the
data making IB into a direct summand of MB . We can make this into a functor from AlgA to
sets in the following way: Let B,C be A-algebras and f : B Ñ C be a morphism making C a
B-algebra. Now let α : IB Ñ MB and β : MB Ñ IB be as above. Since C bB B » C and
C bB pC bA Mq » C bA M , the extension of scalars functor from AlgB to AlgC sends these α
and β to morphisms α̃ : IC ÑMC and β̃ : MC Ñ IC , which by functorality also satisfy β̃˝α̃ “ idIC .

Clearly, there exists an A-algebra B such that IB is a direct factor of MB if and only if this
functor is non-trivial. The idea of the proof now is to compute a representing object pB0, α0, β0q

of this functor, and showing that it is non-zero if and only if all the symmetric A-powers of M are
non-zero. More concretely, we want B0 and pα0, β0q P FactpB0q such that

HomAlgApB0, Bq Ñ FactpBq

f ÞÑ pextBB0
α0, extBB0

q

is a natural isomorphism, where extBB0
denotes the extension of scalars functor from B0 to B which

uses f to implement B as a B0 algebra. To this end, let B be some A-algebra.

• A morphisms β : MB Ñ IB of B-modules corresponds via the extension/restriction of scalars
adjunction to a morphisms of A-modules v : M Ñ IB “ B. By proposition 5.45, this is in
turn equivalent to a morphism of A-algebras

valg : SymApMq Ñ B.

• A morphism α : IB ÑMB of B-modules corresponds via the extension/restriction adjunction
to a morphism of A-modules u1 : A Ñ B bA M . We can make this into a morphism
u : M_ Ñ B by

M_ »M_ bA A
idM_bu1
ÝÝÝÝÝÝÑM_ bA pB bAMq » B bAM

_ bAM
ev
ÝÑ B bA A » B,

and this indeed gives a one-to-one correspondence between morphisms A Ñ B bA M and
M_ Ñ B with inverse sending f : M_ Ñ B to

A
coev
ÝÝÝÑM bAM

_ »M_ bAM
fbidM
ÝÝÝÝÑ B bAM.

Again by proposition 5.45, u : M_ Ñ B corresponds to a morphism of A-algebras

ualg : SymApM
_q Ñ B.

Let ϕ : A Ñ B be the morphism making B into an A-algebra. By equation (6), the exten-
sion/restriction of scalars adjunction sends the identity on IB to

pA » AbA A
ϕbidA
ÝÝÝÝÑ B bA A

idIB
ÝÝÝÑ B bA A » Bq “ ϕ.
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Thus, the condition that β ˝ α “ idIB is equivalent to the restriction of β ˝ α to A-algebras being
the morphism ϕ making B an A-algebra. Expressing the restriction of β ˝ α in terms of u and v
using equations (6) and (7), we get

pIA
coev
ÝÝÝÑM bAM

_ »M_ bAM
ubidM
ÝÝÝÝÑ B bAM

idBbv
ÝÝÝÝÑ B bA B

mB
ÝÝÑ Bq

“ pIA
coev
ÝÝÝÑM bAM

_ »M_ bM
ubv
ÝÝÝÑ B bA B

mB
ÝÝÑ Bq,

which is just the product u ¨ v “ mB ˝ ub v applied to the image of coev. This morphism u ¨ v is
again equivalently given by the A-algebra morphism

valg ¨ ualg : SymApMq b SymApM
_q Ñ B.

Note that since this is a morphism of A-algebras, it must be equal to ϕ in the zero component,
i.e. pA » A bA A “ Sym0

ApMq bA Sym0
ApM

_q
valg¨ualg
ÝÝÝÝÝÑ Bq “ ϕ. As a result of this discussion,

giving morphisms α and β making IB a direct factor of MB is equivalent to giving a morphism of
A-algebras

SymApMq bA SymApM
_q Ñ B

such that its composition with coev : IA ÑM bAM
_ “ Sym1

ApAq bA Sym1
ApM

_q and ιA : IA
»
ÝÑ

AbAA “ Sym0
ApMqbASym0

ApM
_q yields the same morphism. Therefore, the universal A-algebra

B0 must be given as the coequalizer

IA
ιA

Ý
Ý
Ý
Ý
Ý
Ý
Ý
Ý
Ý
Ý
Ñ
Ñ

coev
SymApMq bA SymApM

_q
b0

ÝÝÝ� B0.

Since SymApMq bA SymApM
_q “

À

p,qPZě0
Symp

ApMq bA Symq
ApM

_q is a direct sum, the mor-
phism b0 already is determined by its action on all Symp

ApMq bA Symq
ApM

_q. We can view the
coevaluation as morphism

Symp
ApMq bA Symq

ApM
_q Ñ Symp`1

A pMq bA Symq`1
A pM_q

by composing Symp
ApMq bA Symq

ApM
_q » A bA Symp

ApMq bA Symq
ApM

_q with coev and the
multiplication map. Call this morphism δp,q. Then the restrictions of b0 to the direct summands
have to make the following diagrams commute

Symn
ApMq bA Symn`a

A pM_q Symn`1
A pMq bA Symn`a`1

A pM_q

B0

δp,q

b0 b0

for all n P Zě0 and a P Z, and since SymAM and SymAM
_ are flat, B0 is the direct limit

B0 “
à

aPZ

lim
ÝÑ
nPZě0

Symn
ApMq bA Symn`a

A pM_q (8)

with the coevaluation as transition morphisms. Since b0 ˝ ιA “ b0 ˝ coev and b0 must send the unit
of SymApMqbA SymApM

_q to the unit of B0, we see that this unit of B0 must be the direct limit
of

pcoevn : I Ñ Symn
AM bA Symn

AM
_q “ δn´1,n´1 ˝ ¨ ¨ ¨ ˝ δ0,0 ˝ e,

where e : I Ñ A is the unit of A. It therefore suffices to show that coevn ‰ 0 for all n if and only
if Symn

AM ‰ 0 for all n. But this is trivial, since coevn is just the coevaluation map of the duality

Symn
ApM

_q » pSymn
ApMqq

_.
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The reason why more tensor categories are categories of super representations than categories of or-
dinary representations lies in the fact that it is much easier to have a well defined "superdimension"
p|q than an ordinary dimension n. To make this more precise,

Definition 5.55. Let Ī be an object of A such that Īb Ī » I and the braiding Īb Ī Ñ Īb Ī is the
multiplication by p´1q. This object is simple since I is simple. Define a functor F : sVectk Ñ A
sending a super vector space V “ V0 ‘ V1 to

F pV q “ pV0 b Iq ‘ pV1 b Īq

and sending a morphism f : V ÑW to f0 b idI ‘ f1 b idĪ .

The conditions on Ī ensure that it mimics the behavior of the super vector space V “ 0‘ k.

Proposition 5.56. This functor F is strong monoidal, and if xI, Īy denotes the full subcategory
of direct sums of copies of I and Ī, F : sVectk Ñ A is an equivalence of categories.

Proof. The isomorphism Ī b Ī » I induces a natural isomorphism

F pV q b F pW q “ pV0 b I ‘ V1 b Īq b pW0 b I ‘W1 b Īq

» pV0 bW0 b I b Iq ‘ pV1 bW1 b Ī b Īq

‘ pV0 bW1 b I b Īq ‘ pV1 bW0 b I b Īq

» pV0 bW0 ‘ V1 bW1q b I ‘ pV0 bW1 ‘ V1 bW0q b I b Ī

“ F pV bW q,

and we clearly have F pkq “ kb I » I. This proves the first part. For the second part, note that if
teiuiPI is a basis of a vector space V , then V bX »

À

I X, so F pV q indeed lies in xI, Īy for each
super vector space V . F is faithful since f ‰ g : V Ñ W means that f0 ‰ g0 or f1 ‰ g1. It is
also full, since the simplicity of I and Ī ensures that every morphism f : I‘p ‘ Ī‘q Ñ I‘r ‘ Ī‘s

must have components f ji which are either zero or the identity. Therefore, such a morphism can
only commute factors of I and Ī, or annihilate them, and all these operators are possible with
morphisms of the form gb idI ‘ hb idĪ for linear g and h. That F is essentially surjective is clear
by the definition of xI, Īy.

We can WOLOG assume that the category A admits such an object Ī: If there is no such object,
replace A by the category of Z2-graded objects of A. In section 5.1 we have seen that this category
also is a tensor category, and it clearly inherits the condition of subexponential growth. Then the
unit I seen as odd element is such a Ī, and since A can be viewed as the subcategory of even
objects of AZ2 , an R-fiber functor for AZ2 also yields one for A. The next proposition shows that
we can expect every object of A to have a well defined "super-dimension" after some extension of
scalars.

Proposition 5.57. For an object X of A the following are equivalent.

(i) There exist non-negative integers p and q such that XA » pI
‘p ‘ Ī‘qqA for some non-zero

algebra A.

(ii) There is a Schur functor annihilating X.

Proof. "piq ñ piiq" For every partition λ, SλpXqA is isomorphic to SλpI‘p ‘ Ī‘qqA, and since
xI, Īy „ sVectk, we can use proposition 5.30 to deduce that there is some λ such that SλpI‘p ‘
Ī‘qqA “ 0. Since A is non-zero, this also entails SλpXq “ 0.
"piiq ñ piq" Suppose that for some non-zero algebra A we get

XA » I‘rA ‘ Ī‘sA ‘R

with R some A-module. Then R is dualizable as direct factor of the dualizable A-module XA. We
consider three different cases:
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(a) All the Symn
ApRq are non-zero. By lemma 5.54 there is a non-zero A-algebra B such that IB

is a direct factor of RB . Then we get a new decomposition

XB » I‘r`1
B ‘ Ī‘sB ‘R1

for some B-module R1.

(b) All the Symn
ApĪ b Rq are non-zero. Again by lemma 5.54 we find an A-algebra B such that

IB is a direct factor of pĪbRqB , and a direct factor IB of this object is equivalent to a direct
factor ĪB of RB , so we get a new decomposition

XB » I‘rB ‘ Ī‘s`1
B ‘R1

for some B-module R1.

(c) Non of the above. Since Symn
ApĪ b Rq » Ībn b ΛnAR, we then have n and m such that

Symn`1
A R “ Λn`1

A R “ 0. Let k ą mn and λ a partition of k. Since rλs contains a row of
length greater than n or a column of length greater than m, and by corollary 5.28 we get
SλpRq “ 0. Since further by theorem 5.26

Rbk »
â

|λ|“k

Vλ b SλpRq “ 0,

lemma 2.12 implies that R “ 0, because R is dualizable as direct factor of a dualizable
module. In this case we have a situation as in piq.

Starting with A “ I, r “ s “ 0 and R “ X we can iteratively apply cases (a) and (b), and
either reach case (c) at one point, or continue indefinitely. In the later case, X admits a direct
factor I‘p ‘ Ī‘q after extension of scalars for arbitrarily large p ` q. If this happens, for each n
one can choose a partition λ of n and p, q such that n ă pp ` 1qpq ` 1q, and by proposition 5.30,
SλpI

‘p ‘ Ī‘qq is non-zero. But since I‘p ‘ Ī‘q is a direct factor of X after extension of scalars,
SλpI

‘p ‘ Ī‘qq is a direct factor of SλpXq after extension of scalars, which is in contradiction to
SλpXq being zero. This shows that we always reach case (c) and thus proves the claim.

Recall the notion of an exact sequence from section 2.2. We need one more technical result for the
proof of the existence of some R-fiber functor for A. It can be found in [Del90, 7.14].

Lemma 5.58. Every short exact sequence in A splits after some (non-trivial) extension of scalars.

We are now finally in a position to show the existence of a super algebra R such that we find an
R-fiber functor ω : AÑ RMod.

Proposition 5.59 (Existence of R-fiber functor). If every object of a tensor category A is anni-
hilated by some Schur functor, then there exists a non-trivial fiber functor from A to some possibly
infinite dimensional super k-algebra.

Proof. By proposition 5.57, for each isomorphism class rXs in A there exists some non-zero algebra
B such that XB » pI

‘p‘ Ī‘qqB for some p and q, and by lemma 5.58, for each isomorphism class
rΣs of short exact sequences in A there exists some non-zero algebra C such that ΣC is split. Let
A be the filtered colimit of the tensor products of finitely many of those algebras B and C. This
colimit exists by construction of the ind-category. The algebra A is non-zero, and after extension
of scalars to A every object of A is a sum of copies of I and Ī, and every short exact sequence splits.

We can identify the category of super vector spaces with the full subcategory xI, Īy of A, and
we can further identify IndxI, Īy with the category of possibly infinite dimensional super vector
spaces. For X an object of IndpAq, denote by ρpXq the largest subobject of X which is an object of
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IndxI, Īy. This object ρpXq can be identified with the (possibly infinite dimensional) super vector
space

ρpXq “ HomIndpAqpI,Xq ‘HomIndpAqpĪ , Xq.

We can make this into a functor ρ : IndA Ñ IndxI, Īy by sending a morphism f : X Ñ Y to
f‹ ‘ f‹ : ρpXq Ñ ρpY q, where f‹pgq “ f ˝ g. The multiplication m : A b A Ñ A induces a
multiplication on ρpAq by

ρpAq b ρpAq ãÑ ρpAbAq
ρpmq
ÝÝÝÑ ρpAq,

and the unit e : I Ñ A induces a unit ρpIq “ HomIndApI, Iq » k Ñ ρpAq making ρpAq into
a (possibly infinite dimensional) superalgebra. If M is an A-module, the action A b M Ñ M
induces a morphism ρpAq b ρpMq ãÑ ρpA b Mq Ñ ρpMq making ρpMq a ρpAq-module. If M
and N are two A-modules, the universal property of the coequalizer gives a unique morphism
ρpMq bρpAq ρpNq ÑM bA N making the following diagram commute

ρpMq b ρpAq b ρpNq ρpMq b ρpNq ρpMq bρpAq ρpNq

M bAbN M bN M bA N

a
b˝a

b

where the vertical arrows are inclusion as subobject. Since ρpρpXqq “ ρpXq for all objects X, this
morphism induces a morphism

ρpMq bρpAq ρpNq Ñ ρpM bA Nq

Now suppose that M “ A b M0 with M0 an object of xI, Īy. Then M0 “ I‘p ‘ Ī‘q, and
AbM0 “ Ab I‘p ‘Ab Ī‘q » X‘p ‘ pX b Īq‘q, and similarly for ρpAq bM0, so we get

ρpMq “ ρpAbM0q » HomIndpAqpI, A
‘p ‘ pAb Īq‘qq ‘HomIndpAqpĪ , A

‘p ‘ pAb Īq‘qq

“ HomIndpAqpI, Aq
‘p ‘HomIndpAqpI, Ab Īq

‘q

‘HomIndpAqpĪ , Aq
‘p ‘HomIndpAqpĪ , Ab Īq

‘q

“ ρpAq‘p ‘ ρpAb Īq‘q “ ρpAq bM0.

If in addition N “ AbN0 with N0 an object of xI, Īy, then we have M bAN » AbM0bN0 and
the following commutative diagram shows that the morphism ρpMq bρpAq ρpNq Ñ ρpM bA Nq is
indeed an isomorphism in this case.

pρpAq bM0q bρpAq pρpAq bN0q ρpAq bM0 bN0

ρpMq bρpAq ρpNq ρpM bA Nq

»

» »

Now define a super k-algebra by R :“ ρpAq, and let

ω : AÑ RMod (9)

be the functor sending an object X of A to the R-module ρpXAq. By construction, XA must be of
the form AbX0 with X0 P xI, Īy, and thus we have an isomorphism ωpXq bR ωpY q Ñ ωpX b Y q.
Since also ωpIq “ ρpAq “ R, this shows that ω is a strong monoidal functor. By construction, ω
is k-linear, and it is faithful because the Yoneda embedding and therefore ρ is. If Σ is an exact
sequence in A, then ΣA is split, and since additive functors preserve split exactness, ωpΣq “ ρpΣAq
is also split exact, proving the exactness of ω. This finishes the proof.
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Existence of a super fiber functor over k. Deligne now uses some techniques from algebraic
geometry to reduce the R-fiber functor to a k-fiber functor [Del02, Section 3 and 4]. I will state
the result without proof.

Proposition 5.60 ( [Del02, prop. 4.5]). If A is a tensor category which admits a fiber functor
over some non-zero super k-algebra, then A also admits a super fiber functor over k.

We can now finish the proof of the main theorem, and also of proposition 5.48.

Proof of Deligne’s theorem on tensor categories 5.20. If A satisfies condition piiq of proposition
5.48, i.e. is of subexponential growth, it also satisfies condition piq (see discussion below 5.48) and
therefore we can use proposition 5.57 to find a fiber functor of A over some non-zero superalgebra
R. Then by proposition 5.60, it also admits a super fiber functor over k. We can now use the
recognition theorem for affine supergroups 5.17 to conclude that A is of the form ReppG, pq for
some affine supergroup G and p P Gpk1|0q.

Proof of proposition 5.48. "piq ñ piiq" If every object of A is annihilated by some Schur functor,
then by proposition 5.59 and 5.60 we have a super fiber functor ω : A Ñ sVectk and if X is an
object in A with ωpXq of dimension p|q, then because ω is faithful and exact, Xbn is of length at
most lengthpωpXqbnq “ pp` qqn.

6 Applications in quantum field theory
In modern physics and in particular in quantum field theory, representation theory plays an im-
portant role, since most physical symmetries are implemented in form of a representation of an
algebraic object such as a group or a Lie algebra. In this section I will explore the use of Tannaka
duality in the context of physical symmetries.

6.1 Symmetry groups
To begin with, we need to define what is meant by "physical symmetry". Informally speaking, a
symmetry of a physical system is a transformation of the corresponding mathematical model that
does not change the physics predicted by that model. The precise notion of a symmetry therefore
depends on the mathematical model in use.

For example, in classical mechanics a symmetry is given by a change of the Lagrangian which leaves
the stationary points of the action functional invariant. A good example are spacial symmetries
like rotations that exploit geometrical properties of the physical system, like rotation invariance.
In quantum mechanics a symmetry is an endomorphism of the projective space over the Hilbert
space of states which leaves all the transition probabilities invariant. I will be mostly be concerned
with symmetries in quantum field theory. Here, similar to classical mechanics, a symmetry is a
transformation of the fields and the spacetime which maps solutions to the equation of motion to
other solutions.

One distinguishes between two different kinds of symmetries. Geometric symmetries are linear
endomorphisms of the underlying spacetime, and in the standard model of particle physics these
endomorphism are given by the Poincaré group, or to be more precise, the universal cover of the
identity component of the Poincaré group. The other kind of symmetry is called internal symmetry,
and they are characterized by leaving the spacetime points invariant. These internal symmetries
usually form a compact Lie group; in case of the standard model this is Up1qˆSUp2qˆSUp3q [BH10].
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There is a theorem due to S. Coleman and J. Mandula stating that under some reasonable physical
assumptions, a quantum field theory whose geometric symmetry group contains the Poincaré group
cannot have mixed internal and spacial symmetries, i.e. the full symmetry group is always given
by a direct product of the geometric and internal symmetry group [CM67]. One way to circumvent
this theorem is allowing the symmetries to form more general structure than a group, for example
a supergroup. The corresponding physical theory exploring the consequences of this relaxation
is called supersymmetry. The necessity of such a theory lies in the known phenomena that stay
unexplained by the standard model, as well as deviations of the standard model from measurement
in some points [Ell02]. Up until now, no experimental evidence for a supersymmetry has been
found, but there are strong theoretical implications of their existence. I will elaborate on one of
these in section 6.4.

6.2 Tannaka-Krein duality
To see the relevance of Tannaka duality for quantum field theory, we first need to adapt to the
typical situation in physics. Here, one usually considers continuous complex representations of
topological groups on Hilbert spaces, and often one in particular considers compact or locally
compact topological groups. As explained in the introduction, a corresponding reconstruction
theorem was given in the 1940’s by T. Tannaka and M.G. Krein, which is also the reason for
the naming "Tannaka duality". In particular, Tannaka proved that a compact topological group
G is isomorphic to the group of self-conjugate natural endomorphisms of the forgetful functor
U : RepCpGq Ñ VectC, where the conjugate of a natural transformation α : U Ñ U is defined as

ᾱV pxq “ αV̄ pxq

with V̄ the conjugate representation to V . This statement along with a proof can be found
in [JS91, section 1]. In view of the application of this theorem to algebraic quantum field theory,
I will present a more modern formulation of Tannaka’s classical result.

‹-Categories. The additional structure in the category of unitary representations on Hilbert
spaces in comparison to linear representations over an unspecified field is the existence of a hermi-
tian adjoint. To capture this structure categorically, we define

Definition 6.1. A ‹-operation on an abelian C-linear category is an assignment of a morphism
s‹ : Y Ñ X to every morphism s : X Ñ Y such that this map is antilinear, ps‹q‹ “ s and s‹ ˝s “ 0
implies s “ 0. A ‹-category is a C-linear abelian category equipped with a ‹-operation. A tensor
‹-category is a tensor category that is also a ‹-category and satisfies psb tq‹ “ s‹ b t‹. A functor
F between ‹-categories is ‹-preserving if F ps‹q “ F psq‹ for all morphisms s.

In a Hilbert space, we call an operator A unitary if A:A “ AA: “ 1. Analogously, a morphism
s : X Ñ Y in a ‹-category is called unitary if s‹ ˝ s “ idX and s˝ s‹ “ idY . An endomorphism p of
an object X is called projection of p “ p˝p “ p‹. We say that a ‹-category has subobjects if for ev-
ery object X and every projection p : X Ñ X there is an s : Y Ñ X with s‹˝s “ idY and s˝s‹ “ p.

A braiding of a tensor ‹-category is required to be unitary in the sense that its components are all
unitary, and the isomorphisms associated to a strong monoidal functor of tensor ‹-categories are
also required to be unitary. The notion of duals is replaced by conjugate objects that model the
complex conjugate of a representation.

Definition 6.2. Let C be a tensor ‹-category, and X an object in C. An object X̄ is called
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conjugate of X if there are morphisms r : I Ñ X̄bX and r̄ : I Ñ Xb X̄ such that the morphisms

X » I bX
r̄bidX
ÝÝÝÝÑ X b X̄ bX

idXbr‹
ÝÝÝÝÝÑ X b I » X and

X̄ » I b X̄
rbidX̄
ÝÝÝÝÑ X̄ bX b X̄

idX̄br̄
‹

ÝÝÝÝÝÑ X̄ b I » X̄

are both the identity.

We can now make precise what we expect from a category that is similar to the category of finite
dimensional Hilbert spaces Hilb.

Definition 6.3. A TC‹ is a tensor ‹-category with finite dimensional hom-sets, conjugates and
subobjects. A BTC‹ is a TC‹ with unitary braiding, and a STC‹ is a BTC‹ whose braiding is
in fact symmetric.

As expected, the category of finite dimensional Hilbert spaces is a STC‹ with the usual tensor cate-
gory structure and conjugates given by the dual Hilbert space. Similarly, for a compact topological
group, the category of finite dimensional unitary representations is an STC‹.

Definition 6.4. Let C be a tensor ‹-category and X an object of C. A conjugate pX̄, r, r̄q is
called standard if for all s P EndCpXq we have

r‹ ˝ idX̄ b s ˝ r “ r̄‹ ˝ sb idX̄ ˝ r̄.

In a TC‹ every object admits a standard conjugate [HM06, lem. A.37].

Just as dual objects in a rigid tensor category can be used to define a trace and dimension (see
definition 2.18), conjugate objects can too. For C a TC‹, X an object of C and pX̄, r, r̄q a standard
conjugate of X, define the trace of an endomorphism s : X Ñ X as

trpsq “ r‹ ˝ idX̄ b s ˝ r P EndCpIq » C.

The dimension of X is then defined as dimpXq “ trpidXq “ r‹ ˝ r.

Reconstruction theorem for compact groups. We can now formulate the reconstruction
theorem of Tannaka and Krein in the language of ‹-categories.

Definition 6.5. A ‹-preserving fiber functor of a STC‹ C is a faithful functor of tensor ‹-categories
CÑ Hilb.

Now assume that for some STC‹ C we are given a ‹-preserving fiber functor E. LetGE Ă EndbpEq
be the subset of unitary monoidal natural endomorphism of E. This clearly is a group under
composition with neutral element the identity transformation, and if g P GE , every component
gX is a unitary operator in the Hilbert space EpXq, so we can identify GE with a subset of
ś

XPobpCqUpEpXqq, where UpHq denotes the group of unitary operators of H. Since all the EpXq
are assumed to be of finite dimension, the unitary groups UpEpXqq are compact and by Tychonoff’s
theorem, the product over the objects of C is compact too. Since GE is a closed subset, it is there-
fore a compact topological group.

We have a canonical action of GE on all the Hilbert spaces EpXq in form of unitary representations
πX , namely

πXpgq “ gX

for g P GE .
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Proposition 6.6. Let C be a STC‹ with symmetric ‹-preserving fiber functor E. There is a
faithful symmetric strong monoidal ‹-preserving functor F : CÑ RepHpGEq

11 such that K˝F “ E
where K : RepHpGEq Ñ Hilb is the forgetful functor pH,πq ù H.

(Sketch). One defines F pXq “ pEpXq, πXq for X an object of C, and F psq “ Epsq for morphisms
s. All the conditions that a symmetric strong monoidal ‹-preserving functor has to satisfy are
easily checked, and faithfulness follows directly from the faithfulness of E.

A categorical proof of the main theorem can be found in [HM06, thm. B.6].

Theorem 6.7 (Tannaka-Krein duality). Let C be a STC‹ with symmetric ‹-preserving fiber
functor E. Then the functor F as in proposition 6.6 is an equivalence of symmetric tensor ‹-
categories.

In other words, a compact group G can be recovered as group of unitary natural endomorphisms
of the fiber functor of its category of unitary representation.

Recognition theorem for compact groups. The Tannaka reconstruction theorem 6.7 shows
how to recover a compact group when its category of finite dimensional unitary representations is
known. Krein additionally provided a criterion for a category to be of the form RepHpGq for some
compact group G. This too can be reformulated in the language of ‹-categories.

Definition 6.8. Let C be a BTC‹, X an object of C and pX̄, r, r̄q a standard conjugate of X.
The twist ΘpXq of X is defined by

ΘpXq “ r‹ b idX ˝ idX̄ b τX,X ˝ r b idX .

Lemma 6.9 ( [HM06, lem. A.44]). The twist of a BTC‹ C satisfies the following properties

• For a morphism s : X Ñ Y , one has ΘpY q ˝ s “ s ˝ΘpXq, i.e. Θ is a natural transformation
of the identity functor.

• ΘpXq is unitary for all objects X.

• If C is a STC‹, then ΘpX b Y q “ ΘpXq bΘpY q, i.e. Θ is a strong monoidal functor.

In a STC‹ we have τ‹X,X “ τ´1
X,X “ τX,X , and therefore ΘpX‹q “ ΘpXq. Since by the above

lemma ΘpXq is unitary, this yields ΘpXq2 “ idX , and therefore in the case EndCpXq “ C we get
ΘpXq “ ˘1.
Remark 6.10. This is the TC‹ variant of a ribbon category. The interpretation of such a twist is
best seen from the graphical calculus of such categories.

Definition 6.11. A STC‹ is called even if ΘpXq “ idX for all objects X.

It is easy to see that the STC‹ of finite dimensional Hilbert spaces as well as the STC‹ of unitary
representations of a compact group are even. This shows that a category which is of this form
must be even too.

Proposition 6.12. If a STC‹ C admits a ‹-preserving symmetric fiber functor E, then it is even.

Proof. We have ΘpEpXqq “ EpΘpXqq [HM06, prop. A.45], and since Hilb is even we have
ΘpEpXqq “ idEpXq “ EpidXq. But E is faithful, so we must have ΘpXq “ idX .

Interestingly, being even is the only prerequisite for an STC‹ to be a representation category.

Theorem 6.13 (Tannaka-Krein duality, [HM06, thm. B.11]). Every even STC‹ admits a ‹-
preserving symmetric fiber functor.

Combining this with theorem 6.7, we see that every even STC‹ is of the form RepHpGq for some
compact group G.

11Here RepHpGq denotes the category of finite dimensional unitary representations of G.
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6.3 Doplicher-Roberts reconstruction theorem
There is a fairly rigorous algebraic approach to quantum field theory given by the so-called Haag-
Kastler axioms. This algebraic quantum field theory is focused on the Heisenberg picture of
quantum mechanics, viewing the observables of the theory as the most fundamental quantities.
An algebraic quantum field theory over the Minkowski spacetime M is given by a net of local
observables, which is a copresheaf

A : OpMq Ñ C‹AlgC

from the poset category of open double cones in the Minkowski space to the category of C*-algebras,
such that all the morphisms ApO1 Ă O2q are isometries. One interprets the C*-algebra ApOq as the
algebra of observables measurable in the region O. Since the category of C*-algebras is complete,
we can form the directed limit

A :“ lim
ÝÑ

OPOpMq

ApOq

which, by abuse of notation, I will also denote by A. This is called the quasilocal algebra. The
concept of relativity is introduced in form of causality of measurements. In particular, the net of
local observables has to satisfy microcausality :

Definition 6.14. Two open double cones O1 and O2 are space-like separated if px ´ yq2 ă 0 for
all x P O1 and y P O2. Here x2 is understood as xx, xyM with the bilinear form of the Minkowski
space. A copresheaf A : OpMq Ñ C‹AlgC satisfies microcausality if for all space-like separated
regions O1 and O2 the commutator

rApO1q,ApO2qs

vanishes.

The observable algebras ApOq used here are abstract C*-algebras in the sense that they are not
given as bounded operators on some Hilbert space. Therefore, to interpret elements of these
algebras as measurements of physical states we need to investigate representations of the abstract
observables. By construction, it suffices to examine representations of the quasilocal algebra A;
one can then restrict to a certain region to obtain representations of the local observables ApOq.
In their two papers entitled "Local observables and particle statistics", S. Doplicher, R. Haag and
J.E. Roberts discussed so called superselection rules which are used to decide which of all the
representations of the quasilocal algebra are physically relevant. One can summarize these rules in
the following slogan.

Definition 6.15 (DHR superselection rule). The expectation values of all observables must ap-
proach the vacuum expectation values for measurements at infinitely far spacetime points.

I will formulate this criterion more precisely. Assume that we are given a fixed vacuum represen-
tation pH0, π0q of the quasilocal algebra 12.

Definition 6.16. A DHR-representation is a representation π : A Ñ UpHq such that π|ApO1q
and π0|ApO1q are unitarily equivalent for all open double cones O. Here O1 denotes the causal
complement of the set O, which is the set theoretical complement of the causal cone of O in
Minkowski space. The DHR-representations from a category DHRpAq with morphisms being the
usual bounded intertwining operators.

12By "representation" here I will always mean continuous ‹-homomorphism from the C*-algebra into the algebra
of unitary operators on a Hilbert space.
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An unitary equivalence class of irreducible DHR-representations is called superselection sector of
the net A. One can interpret non-equivalent DHR-representations as different excitations of the
vacuum state, or more heuristically, the irreducible equivalence classes as particle types of the
quantum field theory. In this case, the conjugate representation of a DHR-representation corre-
sponding to a certain particle type corresponds to the antiparticle type.

Now suppose that pH,πq is some fixed representation of A. Then for any endomorphism ρ : AÑ A,
the composite π ˝ ρ also is a representation. In this manner, if we fix a vacuum representation
pH0, π0q, every endomorphism of the quasilocal algebra corresponds to a representation.

Definition 6.17. Let ρ be an endomorphism of A and O an open double cone. We call ρ localized
in the region O if ρpAq “ A for all A P ApO1q. We say that ρ is localized if there exists an open
double cone O such that ρ is localized in O.

Definition 6.18. Let ρ : AÑ A be localized in O. We call ρ transportable if for any other double
cone O1 there exists an endomorphism ρ1 of A and a unitary operator U P A such that

UρpAq “ ρ1pAqU.

Denote by ∆pOq the transportable endomorphisms of A localized in O, and by ∆ the class of
transportable endomorphisms of A. In view of the correspondence of endomorphisms and repre-
sentations discussed above, the canonical choice of arrows between transportable endomorphisms
is given by

Hom∆pρ, σq “ tT P A : TρpAq “ σpAqT for all A P Au

with composition given by the multiplication in A. The unit 1 P A serves as the identity arrow
of each transportable endomorphism. With these definitions, it is clear that ∆ is a ‹-category
with the ‹-operation inherited from A. Further, one can define a tensor product on ∆ by setting
ρb σ “ ρ ˝ σ for objects and T b S “ SρpT q for morphisms S : ρÑ ρ1 and T : σ Ñ σ1 with tensor
unit given by the identity idA.

A lengthy calculation shows that this tensor product indeed makes ∆ into a tensor ‹-category (see
e.g. [HM06, section 8]). The microcausality condition on the net of local observables makes it
possible to define a braiding, since one can simple "transport" two transportable endomorphisms
to a spacetime region where they commute. For spacetime dimensions of three or higher, this
braiding is indeed a symmetry [HM06, prop. 8.50].

Interestingly, the endomorphisms of A that are localized and transportable correspond exactly to
the representations which satisfy the DHR-criterion.

Proposition 6.19. There is a functor F : ∆ Ñ DHRpAq of ‹-categories such that F pρq “ π0 ˝ ρ
for objects ρ of ∆ and F psq “ π0psq for homomorphisms s : ρÑ σ. This functor is an equivalence
of categories.

The proof is a straight forward calculation and can be found in [HM06, 8.57]. The importance of
this result lies in the fact that the category ∆ possesses more structure than the original DHR-
category in the sense that we have an monoidal product. This will enable us to use Tannaka-style
reconstruction theorems on this category.

Usually, in a more classical approach to quantum field theory, one is given not only the algebra
of observables, but the full algebra of potentially unobservable fields acting on a Hilbert space of
states along with a group of gauge symmetries acting on the fields such that the observables are
exactly the fields invariant under the gauge symmetry. But in the beginning of this section I said

58



6 Applications in quantum field theory Sonja M. Farr

that in the algebraic approach the observables are the fundamental quantities, and not the algebra
of all fields. This entails that we should be able to recover the full data of the theory, i.e. the field
algebra and the gauge group, from the net of local observables.

Let ∆f be the full subcategory of ∆ of objects that have a conjugate. Then by construction ∆f

is a STC‹, but it is not even because the twist is given by ˘1 depending on weather the sector
is fermionic or bosonic. Therefore, we cannot use the Tannaka-Krein duality theorem from the
previous section here. Instead, in the article "A new duality theory for compact groups" [DR89],
Doplicher and Roberts proved a generalization of this result: The Doplicher-Roberts reconstruction
theorem.

The Doplicher-Roberts reconstruction theorem. Recall from remark 5.12 that one can
view an affine group scheme as an affine supergroup scheme, and then investigate the category of
super representations of this group scheme. In the same manner, given a compact topological group
G and an element k in the center of G of order two, one can consider the category RepHpG, kq
of representations of G on finite dimensional Hilbert spaces with the symmetry given by the Z2-
grading induced by k: If pH,πq is a representation of G, then πpkq yields a decomposition of H
into the plus and minus one eigenspaces, making H a super Hilbert space. The symmetry is then
given as in the case of super vector spaces (see equation (4)).

Lemma 6.20. The category RepHpG, kq is a STC‹, and the twist ΘppH,πqq is given by πpkq.

Proof. The first claim is clear from the properties of the category of super vector spaces and the
category of representations of a compact group. In the category of finite dimensional Hilbert
spaces, the conjugate of a Hilbert space H is given by the Hilbert space dual H_, and if teiuiPI is
a basis of H with dual basis tf iuiPI , the corresponding morphisms are given by r “

ř

iPI f
i b ei

and r̄ “
ř

iPI ei b f i. One easily verifies that these are intertwiners for the trivial representation
on the Hilbert space C and the tensor product of the representations π on H and π on H_, where
π is the complex conjugate representation of π. Therefore pH_, πq is a conjugate object of pH,πq,
and it even is a standard conjugate. Now let teiuiPI be the eigenvector basis of πpkq, where the
first l basis elements correspond to the p`1q eigenspace and the others to the p´1q eigenspace.
The adjoint map r‹ is given by the evaluation H_ bC H Ñ C, ϕb v ÞÑ ϕpvq, and from definition
6.8 the twist is then defined by

ΘppH,πqq “pH » CbC H
rbidH
ÝÝÝÝÑ H_ bH bH

idH_bτH,H
ÝÝÝÝÝÝÝÝÑ H_ bH bH

r‹bidH
ÝÝÝÝÝÑ CbH » Hq

ej ÞÑ 1b ej ÞÑ
ÿ

iPI

f i b ei b ej ÞÑ
ÿ

iPI

spi, jqf i b ej b ei ÞÑ spj, jqej ,

where spi, jq is p´1q if i and j are greater than l, and p`1q else. Since spj, jqej is equal to πpkqej
by construction, this proves the claim.

Proposition 6.21. Let G be a compact group. Then the unitary monoidal natural endomorphisms
of the identity functor on RepHpGq form an abelian group isomorphic to the center of G.

Proof. Let k be an element of the center and pH,πq an irreducible representation of G. Then
πpkq : H Ñ H is an intertwiner for the representation π, and therefore by Schur’s lemma we
must have πpkq “ ωpH,πqidH for some scalar ωpH,πq. Define a family of morphisms αpH,πq “
ωpH,πqidpH,πq : pH,πq Ñ pH,πq for all irreducible representations and extend this to a natural
endomorphism of the identity functor (this is possible since the representation theory of compact
groups is completely reducible, see [FH04]). This clearly is a unitary monoidal natural isomorphism.
Conversely, let α be such a unitary monoidal natural endomorphism of the identity functor. Then
if K denotes the forgetful functor from RepHpGq to the category of Hilbert spaces, Kpαq is an
unitary monoidal natural transformation of K, and by Tannaka-Krein duality there is an element
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g P G such that KpαpH,πqq “ πpgq for all representations pH,πq of G. Since K sends morphisms
to themselves, this entails αpH,πq “ πpgq, and therefore πpgq must be an intertwiner for π. Since
this is true for all representations, g must be an element of the center.

The Doplicher-Roberts theorem shows that the generalization from the category RepHpGq to
RepHpG, kq already suffices to describe all STC‹’s, not just even ones.

Theorem 6.22 (Doplicher-Roberts reconstruction theorem). Let C be a STC‹. Then there exists
a compact group G together with an element k of order two in the center of G and an equivalence
F : CÑ RepHpG, kq of symmetric tensor ‹-categories. In particular, if K : RepHpG, kq Ñ sHilb
is the forgetful functor to the category of super Hilbert spaces, the composite E :“ K˝F : CÑ sHilb
is a super fiber functor.

Sketch. Define a "bosonization" C̃ of C as follows: As tensor ‹-category, let C̃ “ C, and define a
new braiding by

τ̃X,Y “ p´1q
p1´ΘpXqqp1´ΘpY qq{4τX,Y ,

where Θ is the twist in C. One verifies that C̃ is indeed a STC‹ and that it is even as such.
Then by theorem 6.13 there is a compact group G such that C̃ » RepHpGq. Applying proposition
6.21 to this category, the twist Θ in C defines a unitary monoidal endomorphism of the identity
functor and therefore corresponds to an element k in the center of G such that ΘppH,πqq “ πpkq
for all pH,πq in RepHpGq, and since ΘppH,πqq2 “ idH we get k2 “ e. One then goes on to show
that C » RepHpG, kq, which essentially follows since C is related to C̃ in the same way that
RepHpG, kq is related to RepHpGq.

A full proof of this can be found in [HM06, thm. B.18]. Using this theorem on the category ∆f ,
one can now recover the gauge group of the theory along with the distinction between bosonic and
fermionic fields, proving that indeed the net of local observables is the more fundamental quantity.
Remark 6.23. It is worth noting that these representations pH,πq in RepHpG, kq come equipped
with a decompositionH “ HB‘HF into a bosonic and fermionic subspace given by the eigenspaces
of πpkq, but since the group G itself is still purely even there are no symmetries in G mixing
bosonic and fermionic states. In particular, πpkq is equivariant since k is in the center of G, and
therefore every element of G must preserve the eigenspaces of this operator. In this sense, the
terminology "supergroup" for a tuple pG, kq prevalent in physics literature is very misleading, as
in a supersymmetric theory the symmetry group must indeed relate fermionic and bosonic states.

6.4 Deligne’s theorem and supersymmetry
In comparison to the Doplicher-Roberts reconstruction theorem, the theorem of Deligne actually
concerns itself with a generalization of groups to supergroups. In this section I will show how this
relaxation appears naturally in particle physics, and how this in turn strengthens the belief that
our particle model admits a supersymmetry.

Wigner’s classification of fundamental particles. The Poincaré group is the isometry group
of the Minkowski spacetime, and as such encompasses translations as an abelian subgroup. The
infinitesimal generators of these translations in the directions of the standard basis elements ofM
form a quintuple P :“ pE,P1, P2, P3q, which in physics is called the momentum operator. Recall
now that in special relativity the rest mass of a particle is related to its energy and momentum by
the energy-momentum relation E2 “ ~p2 `m2. If the Poincaré group acts on a Hilbert space H
and v P H is an eigenvector of the operator P 2 :“ E2´P 2

1 ´P
2
2 ´P

2
3 with eigenvalue µ2, then we

have

P 2v “ E2v ´ P 2
1 v ´ P

2
2 v ´ P

2
3 v “ µ2v,
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and therefore one interprets µ as the rest mass of the particle in state v. One can show that the
operator P 2 is a Casimir element of the Poincaré group, and therefore the rest mass µ together
with the eigenvalues of the other Casimir element, which are interpreted as the spin, labels the
irreducible unitary representations of the Poincaré group.

This connection between the defining features of fundamental particles and classification of irre-
ducible representations of the Poincaré group lead toWigner’s classification of elementary particles,
which states that in a quantum field theory, the elementary particle species are in one-to-one cor-
respondence with the irreducible representations of the symmetry group of the theory. By the
Coleman-Mandula theorem mentioned in section 6.1, in case that the geometric symmetries are
given by the Poincaré group, the full symmetry group is a direct product of the Poincaré group and
the internal symmetry group, so that the fundamental particles are classified by the irreducible
representations of these two groups separately.

The category of particle species. Note that the category of unitary representations of the
symmetry, of which the irreducible representations form the simple objects, naturally admits the
structure of a tensor category. Even more general, it may be suggested that every sensible collec-
tion of particle species forms a tensor category: Suppose we are given some abstract collection of
objects that we know to be the particle species of our theory, together with all the possible inter-
actions between these particle species. This information can be assembled into a category Ptcl
whose objects are the particle species and whose arrows between two objects P and Q are all the
possible ways an instance of the species P can undergo an interaction that results in an instance
of species Q. To make this into an abelian category, we define the hom-sets between two particle
species to be not just those arrows but their C-linear span. The simple objects of this category
will correspond to the fundamental particle species of the theory. In a physical theory we expect
there to be a possibility to make two particle species P and Q into a new particle species P b Q
whose instances are compound systems of instances of P and Q. Note that the tensor product
of two fundamental particle species does not have to be fundamental anymore, just as the tensor
product of two irreducible representations usually is not irreducible. For example when given a
Fock space of an elementary particle, two-particle states are given by the tensor product of the
one-particle Hilbert space with itself. We also expect there to exist some type of vacuum I that
serves as a tensor unit for this monoidal product of forming compound systems. A braiding on
this tensor product is given by exchanging the instances of the particle species forming the tensor
product, and this braiding clearly is a symmetry, since we expect the system to be invariant under
exchanging two particles twice. Finally, we assume that every sensible theory admits the notion
of an anti-particle species P_ for every particle species P . This entails that we have a notion of a
pair production morphisms I Ñ P b P_ and of a particle-antiparticle annihilation P_ b P Ñ I
which make the object P_ a dual object of P .

In this exposition I followed the article [Sch16]. If one believes that all these elements, compound
systems, a vacuum and anti-particles, are necessary parts of a physical theory of elementary par-
ticles, then the category Ptcl will have the structure of a complex tensor category. If in addition
one believes that there should only be finitely many fundamental particles, as is customary in
most theories, this tensor category will be of subexponential growth (see [Del02, cor. 0.7]), and we
can apply Deligne’s theorem on tensor categories 5.20. As a result we see that there is an affine
supergroup G and an element p P GpCq such that

Ptcl » ReppG, pq.

Then, again employing Wigner’s classification of fundamental particles, we see that the affine
supergroup G must be the spacetime symmetry group of our theory. Now this does not mean
that every spacetime symmetry group of a sensible physical theory must be supersymmetric; this
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is evidently false since the standard model exhibits all of the above described features and is
not supersymmetric. But it means that the most general context in which Wigner’s classification
and all the basic properties we expect from particle species can be true is a supersymmetric theory.

If one believes that the standard model is not yet a complete description of particle physics, then
this gives a good reason why one should look at supersymmetry as an extension of this theory.

Discussion of the result. As stated in the introduction, this interaction of Deligne’s theorem
with supersymmetry in quantum field theory was the original motivation for this thesis. It may
thus be asked how convincing this argumentation really is, and it which way it might be improved.
For a start, I have not specified very well what I mean by "particle species", but rather left it as
an abstract notion. Now in particle physics, one in fact uses Wigner’s classification, or to be more
precise the so called quantum numbers, to label the particle species of the standard model, so a
physicist might ask what could be meant by particle species if not "irreducible representation of
the symmetry group". The same issue arises with the tensor product of two particle species: What
exactly is an instance of this tensor product? One cannot simply take one instance of each particle
species, since we want to allow interaction between particles, and thus a system of two different
particles can take on many different particle contents. The tensor product in the DHR-category
avoids this issue by using the local nature of interactions, so there might be hope that there is a
well-defined tensor product employing methods from scattering theory. I have not been able to
define such an explicit monoidal structure, and further I have not been able to define the action of
this monoidal product on the morphisms of the particle species category. The connection between
dual objects and anti-particles there can also be found some deviation from the standard model.
For example, the annihilation of an electron-positron pair does not leave behind the vacuum, but
rather two photons carrying the energy and momentum of the electron and positron. Very simi-
larly, the electron-positron pair production emerges from an already existing photon rather than
the vacuum. Pair production and annihilation from and to the vacuum only handles so called
virtual particles, which cannot be observed.

At last, if one works trough all the issues with the category of particle species, there remains
the issue that while Deligne’s theorem talks about group objects (or supergroup objects for that
matter) in the category of affine schemes and their representations, in physics one usually requires
a topological group and its unitary representations. Also, Wigner did use all the unitary represen-
tations of the geometric symmetry group, not only the finite dimensional ones. For the Poincaré
group, this problem may be bypassed by using the representation theory for semi-direct products,
which only requires knowledge of some particular finite dimensional representations, but this does
not have to work in a general case.

I hope that moving forward there will be solutions found to all these inconsistencies.
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